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Abstract 

We review pedagogically non-Abelian discrete groups, which play an important role 
in the particle physics. We show group-theoretical aspects for many concrete groups, 
such as representations, their tensor products. We explain how to derive, conjugacy 
classes, characters, representations, and tensor products for these groups (with a finite 
number). We discussed them explicitly for Sn, An, T' , Dn, Qn, S(2A^^), A(3iV^), 
Tj, S(3A^^) and A(6A^^), which have been applied for model building in the particle 
physics. We also present typical flavor models by using A4, ^4, and A(54) groups. 
Breaking patterns of discrete groups and decompositions of multiplets are important for 
applications of the non-Abelian discrete symmetry. We discuss these breaking patterns 
of the non-Abelian discrete group, which are a powerful tool for model buildings. We 
also review briefly about anomalies of non-Abelian discrete symmetries by using the 
path integral approach. 
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1 Introduction 



Symmetries play an important role in particle physics. Continuous (and local) symme- 
tries such as Lorentz, Poincare and gauge symmetries are essential to understand several 
phenomena, which happen in particle physics like strong, weak and electromagnetic in- 
teractions among particles. Discrete symmetries such as C, P and T are also important. 

Furthermore, Abelian discrete symmetries, Z^, are also often imposed in order to con- 
trol allowed couplings in model building for particle physics, in particular model building 
beyond the standard model. For example, -R-parity and matter parities are assumed in 
supersymmetric standard models to forbid the fast proton decay. Such parities are also 
important from the viewpoint of dark matter. In addition to Abelian discrete symme- 
tries, non- Abelian discrete symmetries were applied for model building of particle physics 
recently, in particular to understand the flavor physics. 

There are many free parameters in the standard model including its extension with 
neutrino mass terms and most of them are originated from the flavor sector, i.e. Yukawa 
couplings of quarks and leptons. The flavor symmetries are introduced to control Yukawa 
couplings in the three generations although the origin of the generations is unknown. 
The quark masses and mixing angles have been discussed in the standpoint of the flavor 
symmetries. The discovery of neutrino masses and the neutrino mixing [H [2] has stimu- 
lated the work of the flavor symmetries. Recent experiments of the neutrino oscillation go 
into a new phase of precise determination of mixing angles and mass squared differences 
[21 in El E] 5 which indicate the tri-bimaximal mixing for three flavors in the lepton sector 
O El IHl Unj- These large mixing angles are completely different from the quark mixing 
ones. Therefore, it is very important to find a natural model that leads to these mixing 
patterns of quarks and leptons with good accuracy. Non- Abelian discrete symmetries are 
studied to apply for flavor physics, that is, model building to derive experimental values of 
quark/lepton masses and mixing angles by assuming non- Abelian discrete flavor symme- 
tries of quarks and leptons. Especially, the lepton mixing has been intensively discussed 
in non-Abelian discrete flavor symmetries as seen, e.g. in the review by Altarelli and 
Feruglio [TTj . 

The flavor symmetry may be a remnant of the higher dimensional space-time symme- 
try, after it is broken down to the 4-dimensional Poincare symmetry through compact- 
ification, e.g. via orbifolding. Actually, it was shown how the flavor symmetry (or 
5*4) can arise if the three fermion generations are taken to live on the fixed points of a 
specific 2-dimensional orbifold [12] . Further non-Abelian discrete symmetries can arise in 
a similar setup |13] . 

Superstring theory is a promising candidate for unified theory including gravity. Cer- 
tain string modes correspond to gauge bosons, quarks, leptons, Higgs bosons and gravitons 
as well as their superpartners. Superstring theory predicts six extra dimensions. Certain 
classes of discrete symmetries can be derived from superstring theories. A combination 
among geometrical symmetries of a compact space and stringy selection rules for couplings 
enhances discrete flavor symmetries. For example, D4 and A (54) flavor symmetries can be 
obtained in heterotic orbifold models [T^ \T5\ [TB] . In addition to these flavor symmetries. 
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the A(27) flavor symmetry can be derived from magnetized/intersecting D-brane models 

There is another possibility that non-Abelian discrete groups are originated from the 
breaking of continuous (gauge) flavor symmetries [20l [2H [22]. 

Thus, the non-Abelian discrete symmetry can arise from the underlying theory, e.g. 
the string theory or compactification via orbifolding. Also, the non-Abelian discrete- 
symmetries are interesting tools for controlling the flavor structure in model building 
from the bottom-up approach. Hence, the non-Abelian flavor symmetries could become 
a bridge between the low-energy physics and the underlying theory. Therefore, it is quite 
important to study the properties of non-Abelian groups. 

Non-Abelian continuous groups are well-known and of course there are several good 
reviews and books. On the other hand, non-Abelian discrete symmetries may not be 
familiar to all of particle physicists compared with non-Abelian continuous symmetries. 
However, non-Abelian discrete symmetries have become important tools for model build- 
ing, in particular for the flavor physics. Our purpose of this article is to review ped- 
agogically non-Abelian discrete groups with minding particle phenomenology and show 
group-theoretical aspects for many concrete groups explicitly, such as representations and 
their tensor products [23]- [2S]- We show these aspects in detail for [2n]-[SH], ^tv [SH]- 
[T55] . r [27], [156]- [161], Dn [I65]-[I79], Qn [T80]-[T85]. E{2N^) [186], A{3N^) [T87]-[TM]. 
T7[T95]. E(3Ar3) [195], and A{6N^) groups [I9l],[l96]-[n8]. We explain pedagogically 
how to derive conjugacy classes, characters, representations and tensor products for these 
groups (with a flnite number) when algebraic relations are given. Thus, the readers could 
apply for other groups. 

In applications for particle physics, the breaking patterns of discrete groups and de- 
compositions of multiplets are also important. Such aspects are studied in this paper. 

Symmetries at the tree level are not always symmetries in quantum theory. If sym- 
metries are anomalous, breaking terms are induced by quantum effects. Such anomalies 
are important in applications for particle physics. Here, we study such anomalies for 
discrete symmetries [27]. |199j - |212] and show anomaly-free conditions explicitly for the 
above concrete groups. If flavor symmetries are stringy symmetries, these anomalies may 
also be controlled by string dynamics, i.e. anomaly cancellation. 

This article is organized as follows. In section 2, we summarize basic group-theoretical 
aspects, which are necessary in the rest of sections. The readers, which are familiar to 
group theory, can skip section 2. In sections 3 to 12, we present non-Abelian discrete 
groups, Sn, An, T\ Dn, Qn, ^{2N^), A{3N^), T7, S(3iV3), and A{6N^), respectively. 
In section 13, the breaking patterns of the non-Abelian discrete groups are discussed. In 
section 14, we review the anomaly of non-Abelian flavor symmetries, which is a topic in the 
particle physics, and show the anomaly-free conditions explicitly for the above concrete 
groups. In section 15, typical flavor models with the non-Abelian discrete symmetries are 
presented. Section 16 is devoted to summary. In appendix A, useful theorems on flnite 
group theory are presented. In appendices B and C, we show representation bases of 5*4 
and A4, respectively, which are different from those in sections 3 and 4. 
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2 Finite groups 



In this section, we summarize basic aspects on group theory, which are necessary in the 
following sections. We use several theorems without their proofs, in order for the readers 
to read easily. However, proofs of useful theorems are given in Appendix A. (See also e.g. 
Refs. [SalElEniEH].) 

A group, G, is a set, where multiplication is defined such that the following properties 
are satisfied: 

1. Closure 

If a and b are elements of the group G, c = ab is also its element. 

2. Associativity 

{ab)c = a{bc) for a,b,c E G. 

3. Identity 

The group G includes an identity element e, which satisfies ae = ea = a for any 
element a E G. 

4. Inverse 

The group G includes an inverse element for any element a E G such that 
aa~^ = a~^a = e. 

The order is the number of elements in G. The order of a finite group is finite. The 
group G is called Abelian if all of their elements are commutable each other, i.e. ab = ba. 
If all of elements do not satisfy the commutativity, the group is called non-Abelian. One 
of simple finite groups is the cyclic group Z^, which consists of 

{e,a,a^ ■ ■ ■ ,a^"^}, (1) 

where = e. The Z^r group can be represented as discrete rotations, whose generator 
a corresponds to 2tx/N rotation. The Zj^ group is Abelian. We focus on non-Abelian 
discrete symmetries in the following sections. 

If a subset H of the group G is also a group, H is called the subgroup of G. The order 
of the subgroup H must be a divisor of the order of G. That is Lagrange's theorem. 
(See Appendix A.) If a subgroup N oi G satisfies g~^Ng = N for any element g E G, the 
subgroup is called a normal subgroup or an invariant subgroup. The subgroup H 
and normal subgroup N of G satisfy HN = NH and it is a subgroup of G, where HN 
denotes 

{hiUjlhi E H,nj E N}, (2) 

and NH denotes a similar meaning. 

When = e for an element a E G, the number h is called the order of a. The 
elements, {e, a, a^, ■ ■ ■ , a'^~^}, form a subgroup, which is the Abelian Zh group with the 
order h. 
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The elements g~^ag for g & G are called elements conjugate to the element a. The 
set including all elements to conjugate to an element a of G, {g~^ag, \/g G G}, is called 
a conjugacy class. All of elements in a conjugacy class have the same order since 

{gag'^T = gO'{.g~^g)a{,g~^g) ■ ■ ■ ag~^ = gaJ'g'^ = geg~^ = e. (3) 

The conjugacy class including the identity e consists of the single element e. 

We consider two groups, G and G', and a map / of G on G'. This map is homomor- 
phic only if the map preserves the multiplication structure, that is, 

f{a)f{b) = f{ab), (4) 

for a,b & G. Furthermore, the map is isomorphic when the map is one-to-one corre- 
spondence. 

A representation of G is a homomorphic map of elements of G onto matrices, D{g) 
for g ^ G. The representation matrices should satisfy D{a)D{b) = D{c) ii ab = c for 
a,b,c & G. The vector space Vj, on which representation matrices act, is called a repre- 
sentation space such as D{g)ijVj (j = 1, ■ ■ ■ ,n). The dimension n of the vector space 
Vj {j = I,-- - ,n) is called as a dimension of the representation. A subspace in the 
representation space is called invariant subspace if D{g)ijVj for any vector vj in the 
subspace and any element g E G also corresponds to a vector in the same subspace. If 
a representation has an invariant subspace, such a representation is called reducible. A 
representation is irreducible if it has no invariant subspace. In particular, a representa- 
tion is called completely reducible if D{g) for g & G are written as the following block 
diagonal form. 



/ Di{g) \ 
D2{g) 

\ Dr{g) J 



(5) 



where each Da{g) for a = 1, ■ ■ ■ ,r is irreducible. This implies that a reducible represen- 
tation D{g) is the direct sum of D^ig), 

r 

Every (reducible) representation of a fine group is completely reducible. Furthermore, ev- 
ery representation of a fine group is equivalent to a unitary representation. (See Appendix 
A.) The simplest (irreducible) representation is found that D{g) = 1 for all elements g, 
that is, a trivial singlet. The matrix representations satisfy the following orthogonality 
relation, 

'^Daig)i£Di3{g~^)mj = ^Sa/sSijSim, (7) 
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where Nq is the order of G and is the dimension of the Da{g).{See Appendix A.) 

The character Xoio) of a representation D{g) is the trace of the representation ma- 
trix, 

da 

XD{9) = i^ D{g) = Y,D{g)u. (8) 

The element conjugate to a has the same character because of the property of the trace, 

tr D{g-^ag) = tr {D{g-^)D{a)D{g)) = tr D{a), (9) 

that is, the characters are constant in a conjugacy class. The characters satisfy the 
following orthogonality relation, 

Y.^Da{gyxD,{g) = NG5^p, (10) 

g&G 

where Nq denotes the order of a group G. (See Appendix A.) That is, the characters of 
different irreducible representations are orthogonal and different from each others. Fur- 
thermore it is found that the number of irreducible representations must be equal to the 
number of conjugacy classes. (See Appendix A.) In addition, they satisfy the following 
orthogonality relation, 

^XDa{9^yXDa{9j) = ^^C,C,, (11) 
a * 

where Ci denotes the conjugacy class of gi and rij denotes the number of elements in 
the conjugacy class Q. (See Appendix A.) That is, the above equation means that the 
right hand side is equal to ^ if gi and gj belong to the same conjugacy class, and that 
otherwise it must vanish. A trivial singlet, D{g) = 1 for any g E G, must always be 
included. Thus, the corresponding character satisfies Xi{9) = 1 for any g E G. 

Suppose that there are m„ n-dimensional irreducible representations, that is, D{g) 
are represented by (n x n) matrices. The identity e is always represented by the {n x n) 
identity matrix. Obviously, the character XdS^i) fo'^ the conjugacy class Gi = {e} is 
found that X-Dq(C*i) = ^ for the n-dimensional representation. Then, the orthogonality 
relation ( fTTl) requires 

J2^Xa{Gi)]^ = J2^nn^ = mi + 4m2 + 9m3 + • • • = TVg, (12) 

a n 

where rUn > 0. Furthermore, m„ must satisfy 

nin = the number of conjugacy classes, (13) 

n 

because the number of irreducible representations is equal to the number of conjugacy 
classes. Eqs. f|T2l) and f|T3l) as well as Eqs. (fTOj) and (fTTj) are often used in the following 
sections to determine characters. 
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We can construct a lager group from more than two groups, Gj, by a certain product. 
A rather simple one is the direct product. We consider e.g. two groups Gi and G2- 
Their direct product is denoted as Gi x G2, and its multiplication rule is defined as 

(ai,a2)(fci,fe2) = (ai&i,a2&2), (14) 

for ai, bi G Gi and 02, &2 G G2. 

The semi-direct product is more non-trivial product between two groups Gi and 
G2, and it is defined such as 

(ai,a2)(&i,62) = {aifa^{bi),a2b2), (15) 

for ai,bi G Gi and 02,^2 G G2, where fa2{bi) denotes a homomorphic map from G2 to 
Gi. This semi-direct product is denoted as Gi xi j G2. We consider the group G, its 
subgroup H, and normal subgroup A^, whose elements are and rij, respectively. When 
G = NH = HN and N (1 H = {e}, the semi-direct product N xif H is isomorphic to G, 
G c:^ N ><\ f H , where we use the map / as 

fhX^j) = hinj{hi)~^. (16) 
For the notation of the semi-direct product, we will often omit / and denote it as x H. 
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3 Sn 

All possible permutations among objects Xi with i = 1, 



N, form a group, 



(17) 



This group is the so-called with the order A^!, and S^- is often called as the symmetric 
group. In the following we show concrete aspects on Sn for smaller A^. The simplest one 
of Sn except the trivial 5*1 is 5*2, which consists of two permutations, 

(xi,X2) -> (xi,X2), (a;i,X2) (a;2,xi). (18) 

This is nothing but Z2, that is Abelian. Thus, we start with S3. 

3.1 Ss 

S3 consists of all permutations among three objects, {xi,X2,X3) and its order is equal to 
3! = 6. All of six elements correspond to the following transformations. 



e 

as 
as 



(a;i,a;2,X3) (xi,X2,X3), 

(Xi,X2,X3) (X2,X1,X3), 
{xi,X2,X3) (x3,X2,Xi), 
{Xi,X2,X3) {Xi,X3,X2), 
(Xi,X2,X3) (X3,X1,X2), 
{xi,X2,X3) -> (x2,X3,Xi). 



(19) 



Their multiplication forms a closed algebra, e.g. 



aia2 
0201 
0402 



(Xi,X2,a;3) (x2,X3,Xi), 
(xi,X2,X3) -> (X3,X1,X2), 
(a;i,X2,X3) -> (Xi,X3,X2), 



(20) 



I.e. 



aia2 = as, 0201 = 04, 0402 = 020102 = 03. 
Thus, by defining oi = a, 02 = &, all of elements are written as 

{e, a, b, ab, ba, bab}. 



(21) 



(22) 



Note that aba = bab. The S3 group is a symmetry of an equilateral triangle as shown 
in Figure [U The elements a and ab correspond to a reflection and the 27r/3 rotation, 
respectively. 



Conjugacy classes 
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Figure 1: The 53 symmetry of an equilateral triangle 

These elements are classified to three conjugacy classes, 

Ci:{e}, C2:{ab,ba}, C3 : {a,b,bab}. (23) 

Here, the subscript of C„, n, denotes the number of elements in the conjugacy class 
Their orders are found as 

(a6)3 = (^baf = e, = b^ = {babf = e. (24) 

The elements {e, ab, ba} correspond to even permutations, while the elements {a, b, bab} 
are odd permutations. 

• Characters and representations 

Let us study irreducible representations of 5*3. The number of irreducible represen- 
tations must be equal to three, because there are three conjugacy classes. We assume 
that there are m„ n-dimensional representations, that is, D{g) are represented by {n x n) 
matrices. Here, rUn must satisfy Yin ~ 3- Furthermore, the orthogonality relation 
( |T2l) requires 

^[Xa{Ci)f = Y^m^n^ = mi + 4m2 + 9m3 + ■ ■ ■ = 6, (25) 

a n 

where m„ > 0. This equation has only two possible solutions, (mi, 7712) = (2,1) and 
(6,0), but only the former (mi,m2) = (2,1) satisfies mi + m2 = 3. Thus, irreducible 
representations of S3 include two singlets 1 and 1' , and a doublet 2. We denote their 
characters by Xi{.9)yXi'{.9) X2{g), respectively. Obviously, it is found that Xi(C'i) = 
Xi'(^i) — 1 X2{Ci) = 2. Furthermore, one of singlet representations corresponds 
to a trivial singlet, that is, Xi{C2) = Xii^s) = 1. The characters, which are not fixed 
at this stage, are Xi'(^2), Xi'iC^), X2{C2) and X2{C3)- Now let us determine them. For 
a non-trivial singlet 1', representation matrices are nothing but characters, Xi'(C'2) and 
Xi'(C*3)- They must satisfy 

(Xi'(C2))' = l, {xr{Cs)f = l. (26) 
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h 


Xi 


Xr 


X2 




1 


1 


1 


2 


C2 


3 


1 


1 


-1 




2 


1 


-1 






Table 1: Characters of Ss representations 

Thus, Xi'(^2) is one of 1, u and w^, where u = exp[27r2/3], and Xi'iC^) is 1 or —1. On 
top of that, the orthogonahty relation (ITUi) requires 

Y,Xi{9)Xi'i9) = 1 + 2xi'(C2) + 3xi'(C3) = 0. (27) 

Its unique solution is obtained by Xi'(C'2) = 1 and Xi'iC^) = —1. Furthermore, the 
orthogonality relations flTU]) and fITT]) require 

$^Xi(^?)X2(^?) = 2 + 2x2(^2) + 3x2(^3) = 0, (28) 
J2xa{C^rxa{C2) = l + Xi'(C^2) + 2x2(^2) = 0. (29) 

Their solution is written by X2(C2) = —1 and X2(C*3) = 0. These results are shown in 
Table [H 

Next, let us figure out representation matrices D[g) of 5*3 by using the character in 
Table [H For singlets, their characters are nothing but representation matrices. Thus, let 
us consider representation matrices D{g) for the doublet, where D{g) are (2 x 2) unitary 
matrices. Obviously, D2{e) is the (2 x 2) identity matrices. Because of X2(C3) = 0, one 
can diagonalize one element of the conjugacy class C3. Here we choose e.g. a in C3 as the 
diagonal element, 

»=(;_°i). (30) 

The other elements in C3 as well as C2 are non-diagonal matrices. Recalling 6^ = e, we 
can write 

h—( '^0^6' sin6' \ I. I. _ [ cos 26' sin26' \ , , 

^= V siii^ -cos^ ; ' ^""^^ V «in2^ -cos2^ ) ■ ^"^^^ 

Then, we can write elements in C2 as 

ah — ( sin^ \ Jja — ( '^'^^^ — sin6' \ 

y — sin 9 cos 9 J ^ \ sin 9 cos 9 J ' 
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Recall that the trace of elements in C2 is equal to —1. Then, it is found that cos 9 = —1/2, 
that is, 6 = 27r/3,47r/3. When we choose 6 = 47r/3, we obtain the matrix representation 
of S3 as 



1 \ / 1 



_1 v/3 

1 ; ' " ~ V -1 ; ' "~ I _A I 

1 \ / _i v§ \ / _i 

«^=| i _? > _4 Ji ' ^«^= i M- (33) 

2 2/ \ 2 2 / \ 2 2 

• Tensor products 

Finally, we consider tensor products of irreducible representations. Let us start with 
the tensor products of two doublets, (xi,X2) and (?/i,t/2)- For example, each element Xii/j 
is transformed under b as 

XiHi + 3X21/2 + a/3(xi?/2 + X2yi) 



xiy2 



4 

VSxiyi - \Pix2y2 - xiy2 + 3x2yi 
4 



X2yi ^ , (34) 

3xiyi + X2y2 - V3{xiy2 + X2yi) 
X2y2 ^ ■ 

Thus, it is found that 

b{xiyi + X2I/2) = {xwi + X2y2), h{xiy2 - X2yi) = ~{xiy2 - X2yi). (35) 
That implies these linear combinations correspond to the singlets, 

1 : Xiyi + X2y2, 1' : Xiy2 - X2yi. (36) 
Furthermore, it is found that 

X2y2-xiyi ^ I -| I f X2y2-xiyi . ^^^^ 



Xiy2 + X2yi J \ I / V Xiy2 + X2yi 

Hence, {x2y2 — X2y2, Xiy2 + X2yi) corresponds to the doublet, i.e. 

X2y2 - xiyi 



2 = -^'^^ . (38) 

V xiy2 + X2yi J 

Similarly, we can study the tensor product of the doublet {xi,X2) and the singlet 1' 
y'. Their products Xiy' transform under b as 

xiy -xiy + -Y^^y ' 

X2y ^ 2^^^ ■ ^ ' 
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That implies those form a doublet, 



2 : 



-X2y 
xiy' 



(40) 



These results are summarized as follows, 



Xi 

Xi \ 

® {y'h 



yi 
y2 



{xiyi + X2|/2)i + (a^i2/2 - a;22/i)i' + 



xiyi 



X2yi 

X2y2 



-X2y 

xiy' 



(41) 



(xV)i. 



In addition, obviously the tensor product of two trivial singlets corresponds to a trivial 
singlet. 

Tensor products are important to applications for particle phenomenology. Matter 
and Higgs fields may be assigned to have certain representations of discrete symmetries. 
The Lagrangian must be invariant under discrete symmetries. That implies that n-point 
couplings corresponding to a trivial singlet can appear in Lagrangian. 

In addition to the above (real) representation of S^, another representation, i.e. the 
complex representation, is often used in the literature. Here, we mention about changing 
representation bases. All permutations of 6*3 in Eq. (IT^ are represented on the reducible 
triplet {xi,X2,X3) as 






We change the representation through the unitary transformation, U'^gll, 
the unitary matrix f/tribi, 



(42) 



e.g. by using 



f/tH 



tribi 



v/273 i/Vs 
-1/Vq 1/V3 -1/V2 
-1/V6 1/V2 



(43) 



Then, the six elements of 5*3 are written as 





(44) 
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Note that this form is completely reducible and that the (right-bottom) (2 x 2) submatrices 
are exactly the same as those for the doublet representation (15^ . The unitary matrix 
[/tribi is called the tri-bimaximal matrix and plays a role in the neutrino physics as studied 
in section 15. 

We can use another unitary matrix U in order to obtain a completely reducible form 
from the reducible representation matrices ( W2\i . For example, let us use the following 
matrix. 



Then, the six elements of 5*3 are written as 




(45) 














w 




w 


J 















2 

W 











w 



(46) 



The (right-bottom) (2 x 2) submatrices correspond to the doublet representation in the 
different basis, that is, the complex representation. This unitary matrix is called the 
magic matrix. In different bases, the multiplication rule does not change. For example, 
we obtain 2x2 = l-|-l'-|-2in both the real and complex bases. However, elements of 
doublets in the left hand side are written in a different way. 



3.2 5*4 

5*4 consists of all permutations among four objects, (xi, ^2, 2:3, X4), 

{xi,X3,X2,X4), {Xi,Xj,Xk,Xi), (47) 

and the order of 6*4 is equal to 4! = 24. We denote all of S4 elements as 

fli : {xi,X3,X2,X4), a2 : (x2, Xi, X4, X3), 03 : (X3, X4, Xi, X2), : (X4, X3, X2, Xi), 
bi : (xi,X4,X2,X3), 62 : (^4, X3, X2), ^3 : (x2, X3, Xi, X4), 64 : {x3,X2,X4,Xi), 

Ci : (xi,X3,X4,X2), C2 : (X3,X1,X2,X4), C3 : (X4,X2,X1,X3), C4 : (x2,X4,X3,Xi), 

di : (xi,X2,X4,X3), d2 ■■ (X2,X1,X3,X4), ds : (X4,X3,X1,X2), C?4 : (x3,X4,X2,Xi),(48) 

ei : (xi,X3,X2,X4), 62 : (0:3, Xi, X4, X2), 63 : (x2, X4, Xi, X3), 64 : (0:4, X2, X3, Xi), 

/l : (xi,X4,X3,X2), /2 : (X4,X1,X2,X3), fs : (X3,X2,X1,X4), fi : (x2,X3,X4,Xi), 

where we have shown the ordering of four objects after permutations. The S4 is a sym- 
metry of a cube as shown in Figure [2j 



12 



h=2 




Figure 2: The 5*4 symmetry of a cube. This figure shows the transformations correspond- 
ing to the 5*4 elements with /i = 2, 3 and 4. Note that the group can be also considered 
as the regular octahedron in a way similar to a cube. 

It is obvious that xi + X2 + X3 + X4 is invariant under any permutation of 5*4, that is, a 
trivial singlet. Thus, we use the vector space, which is orthogonal to this singlet direction. 





(49) 



in order to construct matrix representations of S4, that is, a triplet representation. In 
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this triplet vector space, all of 5*4 elements are represented by the following matrices, 





fl 







oi = 1 


1 





) 




^00 


1 














as = 





1 







^ 








bi 



Cl 



C3 



di 



ei 

63 

fl 

h 



1 









■) 


1' 


1 









-1 











1 


-1 








1 


o^ 









1' 


1 


oy 




-1 














1 





-1 





1 


«^ 




1 










1 1 





a2 




C2 




do 



62 




64 



1 














-1 


- 


-1 







-1 





( 













1 


1 













) 





-1 









-1 


( 


-1 



















1 





-1 





-1 















(50) 



• Conjugacy classes 
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h 


Xi 


Xi' 


X2 


X3 


X3' 




1 


1 


1 


2 


3 


3 


Cs 


2 


1 


1 


2 


-1 


-1 


Ce 


2 


1 


-1 





1 


-1 




4 


1 


-1 





-1 


1 


Cs 


3 


1 


1 


-1 









Table 2: Characters of S4 representations 



The 5*4 elements can be classified by the order h of each element, where 



h 
h 
h 
h 



1 
2 

3 
4 



{oi}, 

{02, 03, (34; '^2! ^i, 64, /i , /s}, 
{&l,&2,fc3,fc4,Ci,C2,C3,C4}, 
{4,4,e2,e3,/2,/4}. 



(51) 



Moreover, they are classified by the conjugacy classes as 



{ai}, h = l, 

{02,03,04}, h = 2, 

{rfi, 6/2,61, 64, /i,/3}, h = 2, 

{bi,b2,h,b4,Ci,C2,C3,C4}, h = 3, 

{c?3,c?4,e2,e3,/2,/4}, /i = 4. 



(52) 



• Characters and representations 

Thus, 5*4 includes five conjugacy classes, that is, there are five irreducible representa- 
tions. For example, all of elements are written as multiplications of hi in Cg and ^4 in 
Cqi, which satisfy 

(bi)^ = e, (^4)^ = e, ^4(61)^(^4 = bi, d^bid^ = &i((i4)^&i. (53) 
The orthogonality relation (fT2|) requires 

J2^Xa{Ci)]^ = = mi + 4m2 + 9m3 + ■ ■ ■ = 24, (54) 

a n 

like Eq. (!25|) . and m„ also satisfy mi + m2 + m3 + ■ ■ ■ = 5, because there must be five 
irreducible representations. Then, their unique solution is obtained as (mi,m2,m3) = 
(2,1,2). That is, irreducible representations of S4 include two singlets 1 and 1', one 
doublet 2, and two triplets 3 and 3', where 1 corresponds to a trivial singlet and 3 
corresponds to f H9|) and fl50l) . We can compute the character for each representation by 
an analysis similar to 5*3 in the previous subsection. The results are shown in Table [21 
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n 


, &i(2) = ( 


K 





For 2, the representation matrices are written as e.g. 

02(2) 

rfi(2) = 4(2) = 4(2)= (J J )• (55) 

For 3', the representation matrices are written as e.g. 

/ 1 \ / 1 ^ 

02(3') = 0-1 , 61(3') = 1 1, (56) 






di{Z') = -1 , ^3(3') =00-1, ^4(3') 



Note that 02(3') = 02(3) and 61 (3') = 61 (3), but di(3') = -rfi(3), ^3(3') = -d^{Z) and 
^4(3') = —diiZ). This aspect would be obvious from the above character table. 

• Tensor products 

Finally, we show the tensor products. The tensor products of 3 x 3 can be decomposed 

as 



(A)3x(B)3 = (A.B)i+( ) +1 {A.B.} I +1 [AA] \ , (57) 



{AyB,} 

{A.By} 




where 



A-B = A^B^ + AyBy + A,B,, 

{AiBj] = AiBj + AjBi, 

[AyB,] = AiBj-AjBi, (5^ 

A-S-B = A^B^ + ujAyBy + uj^A,B,, 

A • E* • B = A^B^ + uj^AyBy + ujA^B^. 

The tensor products of other representations are also decomposed as e.g. 
(A)3. X (B)3. = (A ■ B)i + ^. . 3 j ^ + {A^B^} 

A . V . R \ / {AyBz} 

(A)3 X (B)3' = (A ■ B)i, + ( ^^.S* B ) +1 ^^^^^-^ 



{A.By] 




16 



and 



(A)2 X (B)2 = {A^By}^ + [A,B. 



AyBy 

AxBx 



(61) 



Ax 

Ay 

Ax 
A 



X \ By \ = \ {U^Ax + UjAy)By + (W^^, " U Ay) B y , (62) 



2 



/ Bx ^ 




By 




\B./ 








(iO 










X \ By \ = {uj'Ax + u:Ay)By + {uj'Ax - tuAy)By I . (63) 
\ B, L, \ (loAx + cu^A,)B, L, \ (LoAx-u^Ay)B, 

Furthermore, we have 3 x 1' = 3' and 3' x 1' = 3 and 2 x 1' = 2. 

In the hterature, several bases are used for 5*4. The decomposition of tensor products, 
rxr' = J2m. ^rn, does not depend on the basis. For example, we obtain 3x3' = l'+2+3+3' 
in any basis. However, the multiplication rules written by components depend on the 
basis, which we use. We have used the basis (155|) . In appendix B, we show the relations 
between several bases and give explicitly the multiplication rules in terms of components. 

Similarly, we can study the group with > 4. Here we give a brief comment 
on such groups. The Sn group with > 4 has only one invariant subgroup, that is, 
the alternating group, A^. The Sn group has two one-dimensional representations: one 
is trivial singlet, that is, invariant under all the elements (symmetric representation), 
the other is pseudo singlet, that is, symmetric under the even permutation-elements but 
antisymmetric under the odd permutation-elements. Group-theoretical aspects of 5*5 are 
derived from those of 5*4 by applying a theorem of Frobenuis(Frobenuis formula), graphical 
method(Young tableaux), recursion formulas for characters (branching laws). The details 
are given in, e.g., the text book of [23]. Such analysis would be extended recursively from 
Sn to S'at+i. 
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4 An 

All even permutations among Sn form a group, which is called with the order {N\)/2. 
It is often called the alternating group. For example, among 5*3 in subsection 13 . 1 1 the even 
permutations include 

e : (xi,X2,X3) (a;i,a;2,a;3), 

04 : (Xi,X2,X3) (X3,X1,X2), (64) 

as : (xi,X2,X3) -> (a;2,X3,xi), 
while the odd permutations include 

01 : (a;i,X2,X3) -> (a:2,xi,a;3), 

02 : (xi,X2,X3) (x3,X2,Xi), (65) 
as : (xi,X2,X3) (xi,X3,X2). 

The three elements, {e, 04, 05} form the group A^. Since (04)^ = 05 and (04)^ = e, the 
group A^ is nothing but Z3. Thus, the smallest non-Abelian group is A^^. 



4.1 ^4 

All even permutations of 6*4 form A4, whose order is equal to (4!)/2 = 12. The A^ group is 
the symmetry of a tetrahedron as shown in Figure O Thus, the A^ group is often denoted 
as T. Using the notation in subsection 13.21 all of 12 elements are denoted as 



Oi = U i U , O2 



as 



hi 



1 




1 


) 


1 




-1 





1 








-1 


1 




1 


)■ 


1 







-1 


1 





-1 





1 




1 


)■ 


1 




-1 








1 


-1 






Ci = U U i , C2 



C3 




(66) 
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Figure 3: The symmetry of tetrahedron. 



From these forms, it is found obviously that A4 is isomorphic to A(12) ^ {Z2 x Z2) x Z^, 
which is explained in section [91 

They are classified by the conjugacy classes as 

Ci : {ai}, h = l, 

C3 : {02,03,04}, h = 2, , , 

C4 : {61,62,^3,^4, }, /i = 3, 

C4' : {ci,C2,C3,C4, }, /i = 3, 

where we have also shown the orders of each element in the conjugacy class by h. There 
are four conjugacy classes and there must be four irreducible representations, i.e. nii + 
m2 + rris + ■ ■ ■ = A. 

The orthogonality relation ( |TT|1 requires 

J2[Xa{Ci)]^ = J2 '^"^^ = mi + 4m2 + 9m3 + ■ ■ ■ = 12, (68) 

a n 

for rrii, which satisfy mi + m2 + m3 + ■ ■ ■ = 4. The solution is obtained as (mi, m2, m3) = 
(3,0,1). That is, the group has three singlets, 1, 1', and 1", and a single triplet 3, 
where the triplet corresponds to ( l66l) . 

Another algebraic definition of is often used in the literature. We denote oi = e, 
02 = s and bi = t. They satisfy the following algebraic relations, 

s'^ = t^ = {stf = e. (69) 

The closed algebra of these elements, s and t, is defined as the A4. It is straightforward 
to write all of Oj, bi and q elements by s and t. Then, the conjugacy classes are rewritten 
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h 


Xi 




Xi" 


X3 




1 


1 


1 


1 


3 


Cs 


2 


1 


1 


1 


-1 


C4 


3 


1 


u 







C41 


3 


1 




UJ 






Table 3: Characters of A4 representations 



as 



C3 
C4 
C41 '. 



{e}, 
{s,tst^,t^st] 
{t, ts, st, sts} 



st^, t^s, tst}, 



h = l, 
h = 2, 
h = 3, 
h = 3. 



(70) 



Using them, we study characters. First, we consider characters of three singlets. Because 
= e, the characters of C3 have two possibilities, Xa{C3) = ±1. However, the two 
elements, t and ts, belong to the same conjugacy class C4. That means that XaiC^) should 
have the unique value, XaiCs) = 1. Similarly, because of = e, the characters Xa(t) can 
correspond to three values, i.e. Xa{t) = w", n = 0, 1,2, and all of these three values are 
consistent with the above structure of conjugacy classes. Thus, all of three singlets, 1, 1' 
and 1" are classified by these three values of Xa{t) = 1,1^ and w^, respectively. Obviously, 

Cl 



it is found that XaiC^') = {xaiC^})'^. Thus, the generators such as s 
are represented on the non-trivial singlets 1' and 1" as 



a2,t = bi,r 



s{l') 
sil") 



a2(l') 
- a2(l") 



t(l") = h(l") 



t'(l") = cUl") 



UJ. 



(71) 



These characters are shown in Table [31 Next, we consider the characters for the triplet 
representation. Obviously, the matrices in Eq. (!66|) correspond to the triplet representa- 
tion. Thus, we can obtain their characters. Its result is also shown in Table [31 
The tensor product of 3 x 3 can be decomposed as 



(A)3 X (B)3 = (A ■ B)i + (A ■ S ■ B)i, + (A ■ S* ■ B)i. 

{AyB.} \ I [AyB, 



+ I {AA} 



[AA] 

[A.By] 



(72) 



4.2 

Here, we mention briefly about the A^ group. The A^ group is isomorphic to the symmetry 
of a regular icosahedron. Thus, it is pedagogical to explain group-theoretical aspects of 
A5 as the symmetry of a regular icosahedron [152] . As shown in Figure [H a regular 
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Figure 4: The regular icosahedron. 



icosahedron consists of 20 identical equilateral triangular faces, 30 edges and 12 vertices. 
The icosahedron is dual to a dodecahedron, whose symmetry is also isomorphic to A^. The 
elements correspond to all the proper rotations of the icosahedron. Such rotations are 
classified into five types, that is, the rotation (identity), vr rotations about the midpoint 
of each edge, rotations by 27r/3 about axes through the center of each face, and rotations 
by 27r/5 and An/ 5 about an axis through each vertex. Following |152] . we label the vertex 
by number n = 1, ■ ■ ■ , 12 in Figure HI Here, we define two elements a and b such that 
a corresponds to the rotation by tt about the midpoint of the edge between vertices 1 
and 2 while b corresponds the rotation by 27r/3 about the axis through the center of the 
triangular face 10-11-12. That is, these two elements correspond to the transformations 
acting on the 12 vertices as follows, 

a : (1,2,3,4,5,6,7,8,9,10,11,12) ^ (2,1,4,3,8,9,12,5,6,11,10,7), 
b : (1,2,3,4,5,6,7,8,9,10,11,12) ^ (2,3,1,5,6,4,8,9,7,11,12,10). 

Then the product ab is given by the following transformation as 

ab:{l, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12) ^ (3, 2, 5, 1, 9, 7, 10, 6, 4, 12, 11,8), 

which is the rotation by 27r/5 about the axis through the vertex 2. All of the Ar, elements 
are written by products of these elements, which satisfy 

= b^ = (ab)^ = e. (73) 

The order of A^ is equal to (5!)/2 = 60. All of the A^ elements, i.e. all the rotations 
of the icosahedron, are classified into five conjugacy classes as follows, 

C, : {e}, 

Ci5 : {a(12), a(13), a(14), a(16), a(18), a(23), a(24), a(25), a(29), a(35)}, 

a(36), a(37), a(48), a(49), a(59), }, 
C20 : {6(123), 6(124), 6(126), 6(136), 6(168), 6(235), 6(249), (74) 

6(259), 6(357), 6(367), and their inverse elements}, 
C12 : {c(l), c(2), c(3), c(4), c(5), c(6), and their inverse elements}, 
C'12 '■ {^^(1)5 c^(2), c^(3), c^(4), c^(5), c^(6), and their inverse elements}, 
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where a{km), b{kmn) and c{k) denote the rotation by vr about the midpoint of the edge 
k — m, the rotation by 27r/3 about the axis through the center of the face k — m — n and 
the rotation by 27r/5 about the axis through the vertex k. The conjugacy classes, Ci, 
Ci5, C20, C12 and C[2, include 1, 15, 20, 12 and 12 elements, respectively. Since obviously 
{a{km)Y = {h{kmn)Y = {,c{k))^ = e, we find h = 2 in C15, /i = 3 in C20, /i = 5 in C12 
and h = 5 in C'12, where h denotes the order of each element in the conjugacy class, i.e. 
= e. The orthogonality relations fll2l) and f[T^ for A^, lead to 

mi + 4m2 + 9777,3 + 16m4 + 25m^ + ■ ■ ■ = 60, (75) 
nil + ^2 + f^s + "^4 + "^5 + ■ ■ ■ = 5. (76) 

The solution is found as (mi, m2, m^, nii, m^) = (1, 0, 2, 1, 1). Therefore the group has 
one trivial singlet, 1, two triplets, 3 and 3', one quartet, 4, and one quintet, 5. The 
characters are shown in Table HI Instead of a and b, we use the generators, s = a and 
t = bab, which satisfy 

s'^ = t^ = {t'^sthr^stst-^f = e. (77) 
The generators, s and t, are represented as |152] . 




t = - 





/ -1 


-1 


-3 




1 


-1 


3 


1 


-v^ 




4 


-3 


1 


-1 








V -V5 


-V5 


V5 


-1 


/ 




f -1 


1 


-3 


V5\ 




1 


-1 


-3 


1 






4 


3 


1 


1 








V V5 - 


-V5 - 


-V5 


-1 J 





on 4, 



(80) 
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1 


3 


3' 


4 


5 




1 


1 


3 


3 


4 


5 




2 


1 


-1 


-1 





1 


C20 


3 


1 








1 


-1 


C12 


5 


1 





1-0 


-1 





Ci2' 


5 


1 


1-0 





-1 






Table 4: Characters of representations, where = 
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© 5 
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4©5 
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©4 = 1©3©3' 
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5 
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©5 = 3© 3' ©4 
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5©5 



Table 5: Multiplication rules for the group. 



1 

t = - 
2 



' 4 

2 

]_ 

202 

2 
V3 

40 

/ 1-3-^ 
' 4 

^2 



2 
1 

202 
2 
40 



v 
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1 

202 


V5 
2 


1 


1 





1 





-1 





-1 


1 


V3 
20 


V30 
2 


2 


2 


1 
202 


2 


-1 


1 





1 





-1 





1 


1 


20 


V3<f> 
2 


2 



\ 



V3 
40 
V3 
20 

2 

_vl 
2 

30-1 
4 

\ 

40 ' 

V3 
20 
V30 
2 

2 

30-1 



on 5, 



Furthermore, the multiplication rules are also shown in Table O 



23 



Here we show some parts of tensor products |155j . 



Xi ^ 




(y^ 




hi 




Xz ) 







(Xi?/i + X2?/2 + 3:32/3)1 

/ X2y2 - XiHi 

X2yi + 2:1^2 

X3y2 + X2y3 

xm + xsyi 
\ -^ixiyi + X2y2-2x3y3) J 



X3y2 


- X2y3 


xm 


- xsVi 


X2yi 


- xm 


\ 





(82) 



Xl ] 






X2 


1 H 


2/2 


X3 ) 


3' 


V 2/3 



{xm + X2y2 + X3y3)i 

( 



X3y2 - X2y3 

xiy3 - X3yi 
X2yi - xm / 3, 

li^lxm- (l)X2y2 + V5X3y3) \ 

X2yi + xm 

~{x3yi + xm) 

X2y3 + X3y2 

^((1 - 3(t))xm + (30 - 2)x22/2 + X3y3) ) 



^3) 







(y^ 


X2 






X3 ) 







/ ^X3y2 - (pxm \ 
<pX3yi + ^X2y3 
-\xm + <PX2y2 
\ X2yi - xm + X3y3 J 



f 1(0^X22/1 + -^xm - V5X3y3) ^ 

-{(f)xm + ^2:2^2) 

lx3yi - 0X22/3 
02^32/2 + ^Xm 

V 4ilx2yi + (l)xm + X3y3) ) 



For 4 (g> 4 and 5 (g> 5, they include the simple form of trivial singlets as 

( X, \ 

(Xil/i + X2?/2 + X3y3 + X4?/4)i , 



( X, \ 
X2 
X3 
V X4 / 

/^l \ 

2^2 
X3 
X4 
VX5 / 



2/2 
2/3 

\y^ I 

/yi\ 
2/2 
2/3 
2/4 
\y^ / 



{xm + X2y2 + 3^32/3 + a;42/4 + 2:52/5) 1 



5 

4) 



^5) 



(86) 
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5 r 



The T' group is the double covering group of A4 = T. Instead of Eq. ( 169|) . we consider 
the following algebraic relations, 

= r, = t^ = {stf = e, rt = tr. (87) 

The closed algebra including r, s and t is the T' group. It consists of 24 elements. 



• Conjugacy classes 

All of 24 elements in T' are classified by their orders as 



h 
h 
h 
h 
h 



1 
2 
3 
4 
6 



{e}, 
{r}, 

{t, t"^, ts, st, rst"^, rt'^s, rtst, rsts}, 

{s, rs, tst"^, t'^st, rtst^, rt'^st}, 
{rt, rst, rts, rt^, sts, st'^, t^s, tst}. 



Furthermore, they are classified into seven conjugacy classes as 



Ci : {e}, 

Cr : {r}, 

C4 : {t, rsts, st, ts}, 

C4' : {t^ ,rtst,rt'^s,rst^}, 

Cq : {s, rs, tst^, t^st, rtst^ , rt^st], 

04^1'-. {rt, sts, rst, rts}, 

C4111 : {rt"^, tst, t^s, st^}. 



h 
h 
h 
h 
h 
h 
h 



1, 
2, 
3, 
3, 
4, 
6, 
6. 



^9) 



• Characters and representations 

The orthogonality relations (fT2l) and (fT3!) for T' lead to 

mi + 2'^m2 + 3^m3 + ■ ■ ■ = 24, (90) 
mi + m2 + ms H = 7. (91) 

The solution is found as (mi,m2,m3) = (3,3, 1). That is, there are three singlets, three 
doublets and a triplet. 

Now, let us study characters. The analysis on T' is quite similar to one on = T. 
First, we start with singlets. Because of = = e, there are four possibilities for 
Xa(yS) = (i)" (n = 0,1,2,3). However, since t and ts belong to the same conjugacy 
class, C4, the character consistent with the structure of conjugacy classes is obtained as 
Xa{s) = 1 for singlets. That also means Xa(^) = 1- Then, similarly to A4 = T, three 
singlets are classified by three possible values of Xa(t) = w". That is, three singlets, 1, 1', 
and 1" are classified by these three values of Xa(^) = l,i^ and u"^, respectively. These are 
shown in Table [61 
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Next, let us study three doublet representations 2, 2' and 2", and a triplet represen- 
tation 3 for r. The element r commutes with all of elements. That implies by the Shur's 
lemma that r can be represented by 

A2,2',2"fj (92) 



on 2, 2' and 2" and 




(93) 



on 3. In addition, possible values of A2,2',2" and A3 must be equal to A2,2',2" = ±1 
and A3 = ±1 because of = e. That is, possible values of characters are obtained 
as X2{r),X2'{r),X2"{r) = ±2 and Xsi''^) = iS. Furthermore, the second orthogonality 
relation between e and r leads to 

J^XDAerXoAr) = 3 + 2x2(r) + 2x2'(r) + 2x2"(0 + ^Xsir) = 0. (94) 

a 

Here we have used Xi,i',i"{^) = 1- Its solution is obtained as X2{r) = X2'{i^) = X2"{^) = —2 
and Xsi'f') = 3. These are shown in Table El That is, the r element is represented by 



1 
1 



(95) 



on 2, 2' and 2", and 




(96) 



on 3. 

Now, let us study doublet representation of t. We use the basis diagonalizing t. 
Because of = e, the element t could be written as 

c^j' ^97) 

with k,£ = 0,1,2. However, if k = i, the above matrix would become proportional to the 
(2 X 2) identity matrix, that is, the element t would also commute with all of elements. 
That is nothing but a singlet representation. Then, we should have the condition k ^ i. As 
a result, there are three possible values for the trace of the above values as + = — cj" 
with k,i,n = 0,1,2 and k ^ £, i ^ n,n ^ k. That is, the characters of t for three 
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doublets, 2, 2' and 2" are classified as X2(t) = —^,X2'(t) = — and X2"(^) = —oo^- These 
are shown in Table El Then, the element t is represented by 

t = 0) , on 2, (98) 

t = (^J , on 2', (99) 

t = (o J) , on 2". (100) 

Since we have found the explicit (2 x 2) matrices for r and t on all of three doublets, 
it is straightforward to calculate the explicit forms of rt and rt^, which belong to the 
conjugacy classes, C'^ and C'l , respectively. Then, it is also straightforward to compute 
the characters of C4 and C'l for doublets by such explicit forms of (2 x 2) matrices for rt 
and rt^. They are shown in Table [61 

In order to determine the character of t for the triplet, Xsit)^ we use the second 
orthogonality relation between e and t, 

a 

Note that all of the characters Xa{t) except Xsit) have been derived in the above. Then, 
the above orthogonality relation fllOll) requires Xsit) = 0, that is, XsiC^) = 0. Similarly, 
it is found that XsiC'^) = XsiC'l) = XsiC'^') = as shown in Table [61 Now, we study the 
explicit form of the (3 x 3) matrix for t on the triplet. We use the basis to diagonalize t. 
Since = e and X3(^) = 0, we can obtain 

/I 0\ 

t= \ cu , on 3. (102) 

\o coy 

Finally, we study the characters of Cq including s for the doublets and the triplet. 
Here, we use the first orthogonality relation between the trivial singlet representation and 
the doublet representation 2 

J2^i{9rX2i9)=0. (103) 

Recall that all of characters except X2{Ce) have been already given. This orthogonality 
relation fll03p requires X2{Cq) = 0. Similarly, we find that X2'{Cq) = X2"{Cq) = 0. 
Furthermore, the character of Cq for the triplet XsiCe) is also determined by using the 
orthogonality relation Yln£GXi{9)*X2{g) = with the other known characters. As a 
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result, we obtain XslC'e) = —1- Now, we have completed all of characters in the T' group, 
which are summarized in Table El Then, we study the explicit form of s on the doublets 
and triplet. On the doublets, the element must be the (2 x 2) unitary matrix, which 
satisfies tr(s) = and = r. Recall that the doublet representation for r is already 
obtained in Eq. f l95|l . Thus, the element s could be represented as 

on the doublet representations. For example, for 2 this representation of s satisfies 

tT{st) = -^iu'-uj) = -l, (105) 

so the ambiguity of p cannot be removed. 

Here, we summarize the doublet and triplet representations, 

1 \ f -1 \ 1 f i V2p \ 



cu 0\ / -1 \ I f i V2p \ 



*=l ij- -i)- '--7S[-V-2p -I) » 



-1 2pi 2piP2 

2pi -1 2p2 I on 3, (109) 
2piP2 2p2 -1 












r 1 





















1 







V 









^ 










where p\ = e*"^^ and p2 = e*'^^ . 



• Tensor products 

From the above relations, complete tensor products can be determined. First, we 
study the tensor product of 2 and 2, i.e. 



^2 V ^2 



(110) 



2 



Then, we investigate the transformation property of elements Xii/j for i,j = 1,2 under t, 
r and s. Then, it is found that 



Xi 
X2 



) « ( r ) - (^1^^) e ^ p2fx.y. . (Ill) 
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Similarly, we can obtain 



^1 \ ^ 



Xiy2-X2yi 

X2 ) 2,(2) \y2 ) 2,(2») V ^ /I" 



X2y2 I , (112) 

-^pp2ixiy2 + X2yi) 

X2y2 



3 



P PlP2Xm / 3 













y2 


2^3 ) 




\ y3 



Furthermore, we can compute other products such as 2 x 2', 2 x 2" and 2' x 2". Then, 
it is found that 

2 X 2' = 2" X 2", 2 X 2" = 2' X 2', 2' x 2" = 2 x 2. (114) 
Moreover, a similar analysis leads to 



[xiyi + p\p2{x2yz + a;3Z/2)]i 

[a;3Z/3 +PiP2(a;il/2 + a;2Z/i)]i' © [{.X2y2 + Pm^xiy^^ + X3yi)]i" 

2Xiyi - pip2{,X2y-i + Xg^/g) 

2piplx3y3 - Xiy2 - Xs^/i 
'^PiP2X2y2 - xm - X^yi 

X2y3 - X3y2 \ 

plP2{xiy2 - X2yi) , (115) 
plP2{x3yi - xiys) J 3 



xi \ ^ ( _ f -iV2pPiX2y2 + xiyi 

y2 



^2 J 2,2',2" I t/3 / ^ iV2pPlP2Xiy3 - X2I/1 / 2 2/,2" 



-iV2pp2X2y3 + xiy2 
iV2ppiXiyi - X22/2 / 2/,2",2 

-iV2ppiP2X2yi + xiy3 



iV^pP2Xiy2 - X2y3 



(116) 



2", 2,2' 



wi'd")®!;;; = , (ht) 

/ 2, 2', 2" \ / 2'(2"),2"(2),2(2') 

p\p2xy\ , (x)i// (g) = PiP2xy3 I .(118) 

















Km) 





Piplxy2 In \y3 J -i \ PiP2xyi 
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h 


Xi 


Xi' 


Xi" 


X2 


X2' 


X2" 


X3 




1 


1 


1 


1 


2 


2 


2 


3 


Cv 


2 


1 


1 


1 


-2 


-2 


-2 


3 




3 


1 


u 




-1 


—u 









3 


1 






-1 




— u; 







6 


1 


u 




1 


UJ 









6 


1 






1 




u 







4 


1 


1 


1 











-1 



Table 6: Characters of T' representations 



The representations for p' can be in general obtained by transforming p as follows, 

<f2(p)=(j p' = pe'\ (119) 

)l \ 

$3(p')= e-^^ U3(p), p;=Pie*°, p'2=P2e-*^. (120) 
\ e-^("+« / 

If one takes the parameters p = i and = p2 = 1, then the generator s is simplified 



as 



_^ / 1 72 



on 2, (121) 



-12 2 

2 -1 2 I , on 3. 

2 2-1 



These tensor products can be also simplified as 



Xiy2+X2yi 



) .sly^] ^(£*^j el ~.^^r I , (123) 

^2 /2'(2) V 2/2 J 2' (2") \ V2 / 1" y 3;ii/2+3:2i;i 

\/2 

a;2Z/2 

a:iy2+a:^2i;i 1 (124) 



xi\ (g)( = ( iMizjMi^ 

^2 y 2"(2) V ^2 / 2,/(2') V V2 / 1' 



V2 
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2/2 


3^3 ) 




V 2/3 



[a;3y3 + xiy2 + a;2yi]i' © (0:22/2 + a;i2/3 + a^syili" 
2xi2/i - X22/3 - 2:32/3 
2a;32/3 - 2^12/2 - 2^22/1 
2x22/2 - xiy^ - xsyi 

2^22/3 - 2:32/2 

a:i2/2 - 3^22/1 | , (125) 
3^32/1 - a:i2/3 



a^i \ ^ I r 1 _ ( V2a:22/2 + Xiyi \ ^ f s/2x2y?, + Xiy2 




\ / V V2^l2/3- 2:22/1 ; 2^2,^2" V V^^l2/l - 3^22/2 / 2,,2",2 



\f2x2y\ + xiys 
V2a;i2/2 - 3:22/3 



(126) 



2", 2, 2' 



(^)i'(i") ® ( f = !!M > (127) 



^2 / 2, 2', 2" V "^^2 / 2'(2"),2"{2),2{2') 









a:y3 \ 


x)v ® 1 


2/2 




XV\ 








\ xy2 ) 









( xy2 \ 




2/2 




xy3 











:i28) 



When p = e^l^"^ and pi = p2 = to, then the representation and their tensor products 
are given in the Ref. |158j . 
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6 Dn 



6.1 Generic aspects 

Dn is a symmetry of a regular polygon with sides and it is often called as the dihedral 
group. It is isomorphic to Zn x Z2 and it is also denoted by A(2A^). It consists of cyclic 
rotation, Zj^ and reflection. That is, it is generated by two generators a and b, which act 
on N edges Xj (i = 1, ■ ■ ■ , iV) of iV-polygon as 

a : {xi,X2- ■ ■ ,xn) {xn,Xi- ■ ■ ,xn-i), (129) 

b : (Xi,X2 ■ ■ ■ ,XAr) (Xi,XAr ■ ■ ■ ,^2). (130) 

These two generators satisfy 

= e, b^ = e, bob = a~^, (131) 

where the third equation is equivalent to aba = b. The order of Dn is equal to 2N, 
and all of 2N elements are written as a"^b'' with m = 0, ■ ■ ■ , N — 1 and k = 0,1. The 
third equation in fll3ip implies that the Z^r subgroup including a"* is a normal subgroup 
oi D]y. Thus, Dn corresponds to a semi-direct product between Zjy including a^ and 
Z2 including b'^, i.e. Z^r x Z2. Eq. (11291) corresponds to the (reducible) A^-dimensional 
representation. The simple doublet representation is written as 



cos27r/iV -sin27r/A^\ h - ( ^ 
sin27r/iV cos2ti/N i' ~ I -1 



(132) 



• Conjugacy classes 

Because of the algebraic relations fll3ip . it is found that a"^ and a^~^ belong to the 
same conjugacy class and also b and a^^b belong to the same conjugacy class. When 
is even, Dj^ has the following 3 + N/2 conjugacy classes, 

Ci : {e}, h=l, 

C « : {a,a^-i}, h = N, 

Cf : h = N/gcd{N, N/2 - 1), (133) 
C[ : h = 2, 

Cn/2: {6,a26,--- ,a^-2^}, h = 2, 

C'^l^: {ab,a%--- ,a^-^b}, h = 2, 

where we have also shown the orders of each element in the conjugacy class by h. That 
implies that there are 3 + N/2 irreducible representations. Furthermore, the orthogonality 
relation f|T2|) requires 

J2[Xa{Ci)]^ = J2 '^«^' = mi + 4m2 + 9m3 + ■ ■ ■ = 2N, (134) 
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for rrii, which satisfies mi + m2+m3 + - ■ ■ = 3 + N/2. The solution is found as (mi, 7722) = 
(4, N/2 — 1). That is, there are four singlets and (A^/2 — 1) doublets. 

On the other hand, when is odd, Dn has the following 2 + [N — l)/2 conjugacy 
classes, 

h = l, 
h = N, 

(135) 

N/gcd{N, (iV-l)/2), 
h = 2. 

That is, there are 2+(7V— 1)/2 irreducible representations. Furthermore, the orthogonality 
relation (fT2|) requires the same equation as f ll34p for rrii, which satisfies mi+m2+m3+- ■ ■ = 
2 + (A^ — l)/2. The solution is found as (mi, m2) = (2, {N — l)/2). That is, there are two 
singlets and (A^ — l)/2 doublets. 



Ci : {e}, 

C<(^-l)/2. |^(iV-l)/2^^(iV+l)/2|^ 

Cat: {b,ab, ■ ■ ■ ,a'^~^b}, 



• Characters and representations 

First of all, we study on singlets. When is even, there are four singlets. Because 
of 6^ = e in C]\f/2 and (a6)^ = e in characters Xa{g) for four singlets should 

satisfy Xa{C]\f/2) = ±1 and Xa{C'N/2) = il- Thus, we have four possible combinations of 
Xa{CN/2) = ±1 and Xa(C'^/2) — they correspond to four singlets, 1±±, which are 

shown in Table [71 

Similarly, we can study with A^ = odd, which has two singlets. Because of 6^ = e 
in Cjy, the characters Xaid) for two singlets should satisfy XaiC^) = ±1. Since both b 
and ab belong to the same conjugacy class C^, the characters Xa{ci) for two singlets must 
always satisfy Xaia) = 1- Thus, there are two singlets, 1+ and 1_. Their characters are 
determined by whether the conjugacy class includes b or not as shown in Table IH1 

Next, we study doublet representations, that is, (2 x 2) matrix representations. In- 
deed, Eq. f ll32p corresponds to one of doublet representations. Similarly, (2 x 2) matrix 
representations for generic doublet 2^ are obtained by replacing 

a (136) 

That is, a and b are represented for the doublet 2^ as 

cos2'iTk/N -sm27rk/N\ _ 1 \ , . 

sin2Tik/N cos27ik/N J' ^ -1 J ' ^ ^ 

where k = !,■■■ , N/2 - 1 for A^ = even and A; = 1, ■ ■ ■ , (A^ - l)/2 for A^ = odd. When 
we write the doublet 2^ as 



Vk 



(138) 



the generator a is the Z^- rotation on the two-dimensional real coordinates {xk, Uk) and 
the generator b is the refiection along y^, i.e. Uk — > —Uk- These transformations can 
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h 


Xi++ 








X2k 




1 


1 


1 


1 


1 


2 


CI 


N 


1 


-1 


-1 


1 


2cos(27rA;/iV) 
















(jN/2-1 


N/gcd{N, N/2 - 1) 


1 


(_1)W2-1) 


(_l){JV/2-l) 


1 


2cos(27rA;(A^/2 - 1)/A^) 


C[ 


2 


1 


(_l)W/2 


(-1)^/2 


1 


-2 


Cn/2 


2 


1 


1 


-1 


-1 





'-'N/2 


2 


1 


-1 


1 


-1 






Table 7: Characters of DN=even representations 









Xi- 


X2k 




1 


1 


1 


2 






1 


1 


2cos(27rA;/iV) 














N/gcd{N, (iV-l)/2) 


1 


1 


2cos(27rA;(iV - 1)/2N) 


Cat 


2 


1 


-1 






Table 8: Characters of -DAf=odd representations 

be represented on the complex coordinate Zk and its conjugate Z-k- These bases are 
transformed as 




(139) 



Then, in the complex basis, the generators, a and b, can be obtained as a = UaU ^ and 
b = UbU-\ 

This complex basis may be useful. For instance, the generator d is the diagonal matrix. 
That implies that in the doublet 2^, which is denoted by 




(141) 



each of up and down components, Zk and z^k, has the definite Zn charge. That is, 
charges of Zk and Z-k are equal to k and —k, respectively. The characters of these matrices 
for the doublets 2k are obtained and those are shown in Tables [7] and [HI These characters 
satisfy the orthogonality relations ( ITOl) and ( ITTl) . 



34 



• Tensor products 

Now, we study the tensor products. First, we consider the group with = even. 
Let us start with 2^ x 2^/, i.e. 



Z-k J ^ \ Z-k' 



(142) 



where k,k' = I,-- - ,N/2 — 1. Note that ZkZk', ZkZ^k', Z-kZk' and Z-kZ-k' have define 
Zjv changes, i.e. k + k', k — k', —k + k' and —k — k', respectively. For the case with 
k + k' ^ N/2 and k — k' 0, they decompose two doublets as 



\ ^ Zk' \ / ZkZk' \ ^ ZkZ-k' 



Z-k / 9 V ^-k' Jo \ ^-kZ-k' / 9 V Z-kZk' 



(143) 



When k + k' = N/2, the matrix a is represented on the above (reducible) doublet 

{zkZk'.Z-kZ-k') as 

ZkZk' \ ^ ( ^ \ ( 

z^kz^k' ) \ -1 / V z_kZ-k' 



(144) 



Since a is proportional to the (2 x 2) identity matrix for {zkZk', z_kZ-k') with k + k' = N/2, 
we can diagonalize another matrix b in this vector space {zkZk',Z-kZ-k')- Such a basis is 
obtained as {zkZk' + z_kZ-k', ZkZk' — z_kZ-k') and their eigenvalues of b are obtained as 



(145) 



ZkZk' + Z-kZ-k' ] _ [ 1 ^ \ i ~'~ 

ZkZk' - Z_kZ-k' J \0 -1 J \ ZkZk' - Z_kZ-^k' 

Thus, ZkZk' + z_kZ-k' and ZkZk' — z^kZ-k' correspond to l+_ and 1 |_, respectively. 

In the case of — fc' = 0, a similar decomposition happens for the (reducible) dou- 
blet {zkZ-k', Z-kZk')- The matrix a is the (2 x 2) identity matrix on the vector space 
{zkZ-k', Z-kZk') with k — k' = 0. Then, we take the basis {zkZ^k' + Z-kZk', ZkZ^k' — Z-kZk'), 
where b is diagonalized. That is, ZkZ^k' + z^kZy and ZkZ^k' — Z-kZk' correspond to 1++ 
and 1 , respectively. 

Next, we study the tensor products of the doublets 2^ and singlets, e.g. 1 x 2^. 

Here we denote the vector space for the singlet 1 by w, where aw = w and bw = —w. 

Then, it is found that {wzk, —wzk) is nothing but the doublet 2k, that is, 1 x 2^ = 

2fc. Similar results are obtained for other singlets. Furthermore, it is straightforward to 
study the tensor products among singlets. Hence, the tensor products of -D^v irreducible 
representations with =even are summarized as 

Zk\ Zy \ ^ f Z,Z,' \ ^ ( Zk-Z.k' \ 

for k + k' ^ N/2 and k-k' ^{), 



Z-k J n V Z-k' 



yZkZk' + Z-kZ-k')-^^_®{ZkZk' — Z-kZ-ki)-^_^ 

(147) 



ZkZ-k' 
Z-kZk' 
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for k + k' = N/2 and k - k' 0, 



Zk \ ^ Zk 



Z-k / 9 V z-k' 



,ZkZ-k' + Z_kZk')i.,®{ZkZ-k' - Z-kZk'j 



ZkZk' 
Z-kZ-k' 



:i48l 



for k + k' N/2 and k - k' = 0, 



Zk \ ^ I Zk' 



Z-k / V ^-k' 



[ZkZ-k' + Z-kZk')i^^ © {ZkZ-k' — Z-kZk')i 

© {zkZk' + Z-kZ-k')i._ © {zkZk' - z_kZ-k')i_. , (149) 



for k + k' = N/2 and k - k' = 0, 



Zk \ / WZk \ . . ^ Zk \ / WZk 



® = (151) 

where s'/ = Sis'^ and S2 = S2S2. 

Similarly, we can analyze the tensor products of Dn irreducible representations with 
= odd. Its results are summarized as follows, 

Zk\ Zk> \ ^ f ZkZk> \ ^ ( Zkz^k> \ (,52) 

^-fc / 2, V ^-fe' / 2,, V ^-k^'-k' ) 2^^^, V ^-fc^fc' / 2,_,, 

for A; - A;' ^ 0, where A;, A;' = 1, ■ ■ ■ , N /2 - 1, 

^fc \ / Zk' \ /_ _N/_ _N 

© - = {ZkZ-k' + Z-.kZk')x^®\ZkZ-k' - Z-kZk')x_ 



Z-k K V ^"fc / 9 



ZkZk' 
Z-k Z-k' 



(153) 



for k-k' = 0, 



1, © Is' = Is", (155) 

where s" = ss'. 

Note that the above multiplication rules are the same between the complex basis and 
the real basis. For example, we obtain that in both bases 2k © 2k' = 2'^^^ + 2k-k' for 
k + k' ^ N/2 and k — k' ^ 0. However, elements of doublets are written in a different 
way, although those transform as (11391) . 
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Figure 5: The D4 symmetry of a square 



6.2 

Here, we give simple examples of -Djy. The smallest non-Abelian group in Dj^f is D^. 
However, corresponds to a group of all possible permutations of three objects, that is, 
5*3. Thus, we show D4 and as simple examples. 

The D4 is the symmetry of a square, which is generated by the 7r/2 rotation a and the 
reflection 6, where they satisfy 

consists of the eight elements, a 
following five conjugacy classes. 



e, 6^ = e and bab = a ^. (See Figure |5l) Indeed, the 
"fe'^ with m = 0, 1, 2, 3 and k = 0,1. The D4 has the 



Ci: 


{e}, 
{a,a3}. 


h 


= 1, 


C2: 


h 


= 4, 


C[: 




h 


= 2, 




{b,a%}, 


h 


= 2, 


C'i : 


{ab, a?b}, 


h 


= 2, 



(156) 



where we have also shown the orders of each element in the conjugacy class by h. 

The has four singlets, 1 \- and 1 , and one doublet 2. The characters 

are shown in Table [H The tensor products are obtained as 



[zz' + zz')-^^^ © [zz' - zz')j___ 
© {zz' + zz')-^^_ © {ztJ - zz')j__^ 



(157) 



wz 
wz 

wz 
wz 



where s'( = sis[ and S2 = S2S2. 



[w 



wz 
—wz 

wz 
—wz 



(158) 
(159) 
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h 










X2 




1 


1 


1 


1 


1 


2 


C2 


4 


1 


-1 


-1 


1 







2 


1 


1 


1 


1 


-2 


C'2 


2 


1 


1 


-1 


-1 





CI 


2 


1 


-1 


1 


-1 






Table 9: Characters of D4 representations 




Figure 6: The symmetry of a regular pentagon 

6.3 L>5 

The is the symmetry of a regular pentagon, which is generated by the 27r/5 rotation 
a and the reflection b. See Figure [61 They satisfy that = e, b'^ = e and bab = a~^. The 
D5 includes the 10 elements, a"^b^ with m = 0, 1, 2, 3, 4 and /c = 0, 1. They are classified 
into the following four conjugacy classes, 

Ci : {e}, 
Ci'^: {a, a'}, 

C5 : {6, a6, a^6, a^6, a^b}, 

The has two singlets, 1+ and 1_, and two doublets, 2i and 22- Their characters 
are shown in Table [TUJ 

The tensor products are obtained as 

(162) 



h = l, 
h = 5, 
h = 5, 
h = 2. 



(160) 
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h 




Xi- 


X2i 


X22 




1 


1 


1 


2 


2 


CI 


5 


1 


1 


2cos(27r/5) 


2cos(47r/5) 


CI 


5 


1 


1 


2cos(47r/5) 


2cos(87r/5) 


c. 


2 


1 


-1 









Table 10: Characters of representations 




1, ® 1,. = (164) 



where s" = ss' . 



39 



7 Qn 

7.1 Generic aspects 

The binary dihedral group Qn with = even consists of the elements, oT^h^ with m = 
0, ■ ■ ■ , — 1 and k = 0,1, where the generators a and b satisfy 

a^ = e, 62^(a^/2), b-'ab = a^'. (165) 

The order of Qn is equal to 2N. The generator a can be represented by the same (2 x 2) 
matrices as D^, i.e. 



exp27rik/N 

exp-2mk/N 



(166) 



Note that a^/^ = e for /c = even and a^/^ = — e for k = odd. That leads to that b^ = e 
for = even and b"^ = — e for k = odd. Thus, the generators a and b are represented by 
(2 X 2) matrices, e.g. as 

exp2'iTik/N \ t, / z 



for = odd, 



"=1 exp-2xifc/JV )• '=( i )• <^«^' 



^ exp2«./iV _ J_ (168) 



exp-27riA;/A^ y/ ' I 1 / ' 



for /c = even. 



• Conjugacy classes 

By use of the algebraic relations ( I165p . the elements are classified into the (3 + N/2) 
conjugacy classes as 

Ci: {e}, h = l, 

{a,a^-i}, h = N, 

Cf /'"'^ : h = N/gcd{N, N/2 - 1), (169) 
C[ : = 2, 

{6,a26,... ,a^-25}, h = A, 

C'^j^: {ab,a%--- ,a^-^B}, h = A, 

where we have also shown the orders of each element in the conjugacy class by h. These 
are almost the same as the conjugacy classes of Dn with = even. There must be the 
(3 + A^/2) irreducible representations, and similarly to Dj^= even there are four singlets 
and {N/2 - 1) doublets. 
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h 










X2k 




1 


1 


1 


1 


1 


2 


CI 


N 


1 


-1 


-1 


1 


2cos(27rA;/iV) 
















(jN/2-1 


N/gcd{N, N/2 - 1) 


1 


(_1)W2-1) 


(_l){JV/2-l) 


1 


2cos(27rA;(A^/2 - 1)/A^) 


C[ 


2 


1 


(_l)W/2 


(-1)^/2 


1 


-2 


Cn/2 


4 


1 


1 


-1 


-1 





'-'N/2 


4 


1 


-1 


1 


-1 






Table 11: Characters oi Qn representations for N = An 

• Characters and representations 

The characters of Qn for doublets are the same as those of D^^ oven? and are shown 
in Tables [TT] and [T2l The characters of Qat for singlets depend on the value of A^. First, 
we consider the case with = 4n, where we have the relation, 

= a^'^. (170) 

Because of 6"^ = e in Cn/2, the characters Xa{b) for four singlets must satisfy Xa{b) = e™^"^ 
with 77, = 0, 1, 2, 3. In addition, the element ba^ belongs to the same conjugacy class as b. 
That implies Xaici^) = 1 for four singlets. Then, by using Eq. fllTOp . we find Xaib"^) = 1, 
that is, Xaib) = ±1- Thus, the characters of Qn with N = An for singlets are the same 
as those of D n= even and are shown in Table [TTl 

Next, we consider four singlets of Qn for = 4n + 2 and in this case we have the 
relation, 

b^ = a2"+i. (171) 

Since b and a^b are included in the same conjugacy class, the characters Xa('^^) foi' four 
singlets must satisfy Xa{ci^) = 1, that is, there are two possibilities, Xa{(i) = ±1- When 
Xa(a) = 1, the relation (11711) leads to the two possibilities Xa{b) = ±1. On the other 
hand, when Xa{.o,) = —1, the relation (11711) leads to the two possibilities Xa{b) = ±i. 
Then, totally there are four possibilities corresponding to the four singlets. Note that 
Xa(ci) = Xaib"^) for all of singlets. 

• Tensor products 

Furthermore, similarly to Dn with N = even, the tensor products of Qn irreducible 
representations can be analyzed. The results for Qn with N = 4n are obtained as 
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h 


Xi++ 








X2k 




1 


1 


1 


1 


1 


2 


CI 


N 


1 


-1 


-1 


1 


2cos(27rA;/iV) 
















(jN/2-1 


N/gcd{N, N/2 - 1) 


1 


(_1)W2-1) 


(_l){JV/2-l) 


1 


2cos(27rA;(A^/2 - 1)/A^) 


C[ 


2 


1 


(_l)W/2 


(_l)^/2 


1 


-2 


Cn/2 


4 


1 




— ? 


-1 





'-'N/2 


4 


1 


— ? 




-1 






Table 12: Characters of Qat representations for = 4n + 2 



for k + k' ^ N/2 and A; - A;^ 0, 

^ ® ( ) = (zkZk' + z_kZ-k') © f^^fc^^fc' - i-lf''' z.kz-k> 



1^ — l)'^*' Z-kZk' 



(173) 



for k + k' = N/2 and A; - A;' ^ 0, 



(-l)'='='z_fcZ_fc/ 



(174) 



for k + k' N/2 and k - k' = 0, 



® = (z,z_fc. + (-l)'='='^_fe^fcOi ©(^fe^-fc'-(-l)'='='^-fc;^fc')i 

© {zkZk' + {-l)^'''z^kZ^k\^_ © (^^fc^^fc' - (-l)'=^'2_fe^-fc')i_^ , (175) 
for k + k' = N/2 and k - k' = 0, 
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where s'( = Sis[ and = S2S2. Note that some minus signs are different from the tensor 
products of Dtv- 

Similarly, the tensor products of Qn with N = 4n + 2 are obtained as 

® \ ^ = \ ( ^\kk'^ ^ © / .^kk'^ ^ , (178) 



Z-k J n \ Z-k' J n \ {-If" Z-kZ-k' /o V ("l) -2-fc-2fc , , 

for k^k' N/2 and k - k' 0, 

^'^ ®( I = {ZkZk' + Z_kZ-k')i^^® {ZkZk' - Z^kZ^k')i_ 



Z-k Jo \ Z-k 



^ ^ , (179) 



ZkZ-k' 
\kk' 



( — 1) ' Z-kZk 

for k + k' = N/2 and k - k' 0, 

^ ^^'^^ ^ = [zkZ-k' + {-if^'z-kZk^^ © {zkZ-k' - {-if^'z-kZk^^ 



ZkZk' 
{-lf"'z^kZ-k' 



1 

"^k+k' 



(180) 



for k + k' ^ N/2 and k - k' = 0, 



\ ^k' 



Z-k J o \ Z-k' , ^ 



ZkZ_k' + {-if"' Z-kZk'^ _^ © (^ZkZ-k' - {-if"' Z-kZk' 

© {zkZk' + Z-kZ-k')^^_ © {zkZk' - Z-kZ-k')-i___^ , (181) 



for k + k' = N/2 and k - k' = 0, 

r \ ^ ( \ ( wzk \ , . ^ I Zk \ I wzk 



© I44 = Is'/si,', (183) 

where s'/ = Sis'^ and = S2S2. 

7.2 g4 

Here we give simple examples. In this subsection, we show the results on Q4 and in the 
next subsection we show Qq. 
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h 










X2 




1 


1 


1 


1 


1 


2 


C2 


4 


1 


-1 


-1 


1 


2cos(7r/2) 




2 


1 


1 


1 


1 


-2 




4 


1 


1 


-1 


-1 







4 


1 


-1 


1 


-1 






Table 13: Characters of Q4 representations 



The Q4 has the eight elements, a'^b'^, for 



b satisfy = e, 6^ = and b ^ab 
conjugacy classes, 



m = 0,1,2,3 and k = 0,1, where a and 
These elements are classified into the five 



C2 

C'2 



{e}, h = l, 

{a, a^}, h = 4, 

{a'}, h = 2, 

{b,a%}, h = A, 

{ab,a^b}, h = 4, 



:i84) 



where we have also shown the orders of each element in the conjugacy class by h. 

The Q4 has four singlets, 1-+ and 1 , and one doublet 2. The characters 

are shown in Table [131 The tensor products are obtained as 



{zz' - zz')-^_^^ © (zz' + zz')-^^__ 
© {zz' - zz)-^^_ © {zz + ) 



:i85) 



wz 
wz 

wz 
wz 



[W 



wz 
—wz 

wz 
—wz 



(186) 



© 1^1 s' 



:i87) 



where s'{ = Sis'^ and S2 = S2S2. Note that some minus signs are different from the tensor 
products of -D4. 



7.3 Qe 

The Qq has the 12 elements, a"^b'^, for m = 0,1, 2, 3, 4, 5 and k = 0,1, where a and b satisfy 
= e, b"^ = and b~^ab = a^^. These elements are classified into the six conjugacy 
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h 






Xi-+ 




X2i 


X22 




1 


1 


1 


1 


1 


2 


2 


CI 


6 


1 


-1 


-1 


1 


2cos(27r/6) 


2cos(47r/6) 


CI 


3 


1 


1 


1 


1 


2cos(47r/6) 


2cos(87r/6) 


C[ 


2 


1 


1 


1 


1 


-2 


2 




4 


1 


i 


—i 


-1 










4 


1 


—i 


i 


-1 









Table 14: Characters of Qg representations 



classes, 



Ci: 

: 

C[ 



{a,a^}, 
{a2,a^}, 

{an, 

{afe, a^fe, a^6}, /i = 4. 



h 
h 



2, 
4, 



(188) 



The Qq has four singlets, 14— , and 1 , and two doublets, 2i and 22. The 

characters are shown in Table [Ml The tensor products are obtained as 



22 



[zz 



2i 



zz' 



zz' 



(189) 



fzz' - zz') 



[zz' + ^z')i_ 



2fc V / 2fc 

for /c, /c' = 1,2 and k' ^ k, 

Zk 



++ V 



WZk 
WZ^k 

WZ_k 
WZk 



Z^k 

Zk 
Z-k 



zz 
—zz! 



WZk 
-WZ_k 

WZ^k ^ 
-WZk J 



(190) 



(191) 



where s'[ = sis'i and s'2 = S2S2. 
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8 T.{2N^) 



8.1 Generic aspects 

The discrete group S(2A^^) is isomorphic to [Zn x Z'j^) xi Z2. We denote the generators of 
Zjv and Z'j^ by a and a', respectively, and the Z2 generator is written by b. They satisfy 

a = a = b = e, 

aa' = a'a, bab = a' . (193) 
Using them, all of S(2A^^) elements are written as 

g = b^a^a!'', (194) 



for /c = 0, 1 and m, n = 0, 1, — 1. 

These generators, a, a' and 6, are represented, e.g. as 

10\ //^P0\ ,/^01 

p J' " =^0 1 J' 

where p = e^'^*/^. Then, all of S(2A^2) elements are written as 

\ /Op™ 
p" j ' I p" 



(195) 



(196) 



• Conjugacy classes 

Now, let us study the conjugacy classes of Z1(2A^^). We obtain the algebraic relations, 
6(a'a'™)6-^ = a^a", 6(Wa'™)6-i = 6a™ a", 

a'=(6a'a'™)a-'= = 6a'-'=a""+^ a"=(6a'a"")a'-'= = W+'=a'™-^ (197) 

Then, it is found that the S(2A^^) group has the following conjugacy classes, 

Ci : {e}, h = l, 

: {aa'}, h = N, 



(198) 



Cf ^ : {a^a'^}, h = N/gcd{N, k), 

Ci"^-'^ : {a^-^a'^-i}, h = N/gcd{N, iV - 1), 

C'il'^ : {6a^ fea'^-ifl', ■ ■ ■ , 6a'^ ■ ■ ■ , fea^^+^a'^-^}, /i = 2N/gcd{N, k), 
Ci^'""^ : {a'a'™ , a"a™}, /i = N/ gcd{NJ,m), 

where / > m for l,m = 0, ■ ■ ■ ,N — 1. The number of conjugacy classes Cj''"^^ is equal to 
A^(A^ - l)/2. The total number of conjugacy classes of E(2iV2) is equal to N{N - l)/2 + 
N + N = {N^ + 3N)/2. 
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h 






^2p^q 




1 


1 


1 


2 




N 




p2n 
















N/gcd{N, N-1) 


p2n{N-l) 


p2n{N-l) 


2p(N~l){p+g) 




2N/gcd{N, k) 


pkn 


pkn 







N/gcd{NJ,m) 


p{l+m)n 


p{l+m)n 


plq+mp _|_ plp+mq 



Table 15: Characters of S(2A^^) representations 



• Characters and representations 

The orthogonality relations (fT2|) and (fT3!) for S(2A^^) lead to 

mi + 22m2 + • ■ ■ = 2A^^ (199) 
mi + m2 + --- = {N^ + 3N)/2. (200) 

The solution is found as (mi, 7712) = (2N,N{N — l)/2). That is, there are 2N singlets 
and N{N - l)/2 doublets. 

First of all, we study on singlets. Since a and a' belong to the same conjugacy class 
C2^'^\ the characters Xaig) for singlets should satisfy Xai<^) = Xaio,')- Furthermore, 
because of fe^ = e and = e, possible values of Xa{g) for singlets are found as Xa{a) = 
and Xa{b) = ±1. Then, totally we have 2N combinations, which correspond to 2N 
singlets, l±n for n = 0, 1,-- - ,A^ — 1. These characters are summarized in Table [T5l 

Next, we study doublet representations. Indeed, the matrices (11951) correspond to a 
doublet representation. Similarly, (2 x 2) matrix representations for generic doublets 2p ^ 
are written by replacing 

a a^a"^ and a a^a'^. (201) 
That is, for doublets 2p q, the generators a and a' as well as b are represented as 

" ^ « ^ 6=(" M. (202) 



pp J ' VOpM' \io 



We denote the doublet 2p^q as 



Xp 



2p,. = ( ? ) , (203) 



where we take p > q and g = 0, 1, ■ ■ ■ ,N — 2. Then, each of up and down components, Xg 
and Xp, has definite Z^r x charges. That is, Xg and Xp have (g, 0) and (0,p) x 
charges, respectively. The characters for doublets are also summarized in Table [151 



• Tensor products 
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Now, let us consider tensor products of doublets 2pq. Because of their x Zjy 
charges, their tensor products can be obtained as 



(204) 



for q + q' ^ p + p' mod{N) and q + p' ^ p + q' mod{N), 



J -> \ Vp' J o -,9+9' 



•^gUp' 



(205) 



'^q' -\-p,q-\-p' 



for q + = p + mod[N) and q + p' ^ p + q' mod[N) 



^1 \ ^ 



^p o \ Vp' J •> 



Xpt/p' 



(206) 



for q + q^ p + p^ mod{N) and q + p' = p + q' mod{N) 



^9 \ ^ / 2/9^ 



^P h) \ Vp' J ■> 

© (a;p?/g' + XqVp,)-^ © (xpi/g/ - Xg?/p/)^ , (207) 

for q + q' = p + p' mod{N) and q + p' = p + q' mod{N). In addition, the tensor products 
between singlets and doublets are obtained as 

® ( !0 = f ) • (208) 

2a 



^P /2„.„ V ^^P 



g.p ^ ^ ^q-\-n,p-\-7i 



These tensor products are independent of s = ±. The tensor products of singlets are 
simply obtained as 

Isn ® Is'n' = lss',n+n'- (209) 

8.2 E(18) 

The S(2) group is nothing but the Abelian Z2 group. Furthermore, the S(8) group is 
isomorphic to -D4. Thus, the simple and non-trivial example is S(18). 
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7 

Al 


Xl+O 


Xi+i 


Xl+2 


Xl-0 




Xl-2 




-^22,0 


X22.1 




1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


9 


9 


9 

z 


^(1) 


Q 

o 


1 


P 


P 


1 
1 


P 


P 


zp 


zp 


9 

Zj 




3 


1 


P 


P' 


1 


P 


P^ 




2p 


2 




2 


1 


1 


1 


-1 


-1 


-1 













6 


1 


P 




-1 


-P 


-P^ 











cf 


6 


1 


P' 


P 


-1 


-P' 


-P 













3 


1 


P 




1 


P 


P^ 


-P' 


-p 


-1 


(^(2,0) 


3 


1 


P' 


P 


1 


P' 


P 


-P 


-p^ 


-1 


^(3,0) 


3 


1 


1 


1 


1 


1 


1 


-1 


-1 


-1 



Table 16: Characters of S(18) representations 

The S(18) has eighteen elements, b^a^^a'"" for k = 0,1 and m,n = 0, 1,2, where a, a' 
and 6 satisfy 6^ = e, = a'^ = e, aa' = a'a and 6a6 = a'. These elements are classified 
into nine conjugacy classes, 



Ci: 


{e}, 


h 


= 1, 




{aa'}, 


h 


= 3, 




{a^a'^}. 


h 


= 3, 




{b , ba''^a , ba'a^}. 


h 


= 2, 


c?" : 


{ba' , ba , ba''^a^}. 


h 


= 6, 




{ba''^ , ba'a , ba^}. 


h 


= 6, 




{a , a'}. 


h 


= 3, 


(-7(2,0) . 


{a" , a'2}, 


h 


= 3, 




{a^a' , aa'"^}. 


h 


= 3, 



where we have also shown the orders of each element in the conjugacy class by h. 

The S(18) has six singlets with n = 0, 1,2 and three doublets 2p q with {p,q) = 
(1, 0), (2, 0), (2, 1). The characters are shown in Table [TBI 
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The tensor products between doublets are obtained as 

X2y2 



\T ] ®\T ] = ixiy2 + X2yi)i.^®{xiy2-X2yi)^_^ 



22,1 ^ ^ 22,1 ^ ^ 22,1 



( !M ® ( !M = (^ol/i + 3:iyo)i, , ©(a:ol/i-3:il/o)i_j 



22,0 



i2,l \ " - / Zl.O \ / Q 



(211) 



The tensor products between singlets are obtained as 



1±,0 ® 1±,0 = l + ,0 , 1±,1 ® 1±,1 = l + ,2 , 1±,2 ® 1±,2 = 1 + 7 1±,1 ® 1±,0 = , 
1±,2 © 1±,0 = l + ,2 , 1±,2 © 1±,1 = l + ,0 , 1±,0 ® 1t,0 = l-,0 , 1±,1 © 1t,1 = l-,2 , 
1±,2 ® 1t,2 = , 1±,1 ® 1t,0 = , 1±,2 © 1±,0 = l-,2 , 1±,2 © 1t,1 = l-,0 • 

(212) 

The tensor products between singlets and doublets are obtained as 



22,0 



« ( !■ ) = f !? ) . (213) 



22,0 



8.3 E(32) 

The E(32) has thirty-two elements, b''a"^a'^ for A; = 0, 1 and m,n = 0, 1, 2, 3, where a, a' 
and b satisfy = e, = a'^ = e, aa' = a' a and bab = a'. These elements are classified 
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Xl+O 


Xi+i 


Xl+2 


Xl+3 


Xl-0 




Xl-2 




'^2i.o 


X22.0 


X22,l 


^23_o 


X23,l 


-^23^2 




1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


9 


9 
z 


9 
Z 


9 
z 


9 

z 


9 
z 






1 
1 


1 

— 1 


1 
1 


1 

— 1 


1 

1 


1 

— 1 


1 
1 


1 

— 1 


Li 


9 
— z 


Z6 


9-7 

— Zt 


9 
z 


97 

Zt 




9 


1 
1 


1 

1 


1 
1 


1 
1 


1 

1 


1 

1 


1 
1 


1 
1 


9 
— z 


9 
z 


9 
— z 


9 
— z 


9 
z 


9 
— z 


^(3) 


/I 


1 
i 


1 

— i 


1 
i 


1 

— i 


1 
i 


1 

— i 


1 
i 


1 

— i 


9i 
— Zt 


9 
— Z 


9'; 

Zi 


ZL 


9 
Z 


9'; 

— Zi 




9 


1 
1 


1 

1 


1 
1 


1 
1 


1 

— 1 


1 

— 1 


1 

— 1 


1 

— 1 


n 

U 


n 

U 


n 

U 


n 

U 


n 

U 


n 

U 




c 



1 
i 


z 


1 

— i 


— z 


1 

— i 


— z 


1 
i 


z 


n 
u 


n 
u 


n 
u 


n 
u 


n 
u 


n 
u 


W(2) 


A 


1 
1 


1 

— 1 


1 
1 


1 

— 1 


1 

— 1 


1 

1 


1 

— 1 


1 
1 


n 
u 


n 
u 


n 
u 


n 
u 


n 
u 


n 
u 




8 


1 


— z 


-1 


z 


-1 


z 


1 


— z 






















4 


1 


z 


-1 


— z 


1 




-1 


— z 


1 + z 





-l + i 


1 - z 





-1 - z 


(-7(2,0) 


2 


1 


-1 


1 


-1 


1 


-1 


1 


-1 





2 








-2 







4 


1 


— i 


-1 




1 


— z 


-1 




-1 + z 





1 + z 


-1 - z 





1 - z 


(-7(3,0) 


4 


1 


— z 


-1 


z 


1 


— z 


-1 




1 - z 





-1 - z 


l + i 





-l + i 




4 


1 


1 


1 


1 


1 


1 


1 


1 





-2 








-2 







4 


1 


z 


-1 


— z 


1 




-1 


— z 


-1 - z 





1 - z 


-1 + z 





1 + z 



Table 17: Characters of S(32) representations 
into fourteen conjugacy classes, 



Ci : 




{e}, 


h 


= 1, 






{aa'}. 


h 


= 4, 


cf); 








h 


= 2, 


cf): 








h 


= 4, 


(<;'(0) 




6a'a^ , 6a'^a^ , ba'^a}, 


h 


= 2, 


cf) 


{ba' 


, ba , ba 


'2a3 , 6a'3a2}, 


h 


= 8, 


cf) 




, 6a'a , 


6a2 , ba'^a^}, 


h 


= 4, 


cf) 




, ba''^a 


ba'a^ , 6a^}, 


h 


= 8, 


(-7(1,0) 




{a , 


a'}. 


h 


= 4, 


(-7(2,0) 




{a^ 




h 


= 2, 


ch 




{a^a' , 




h 


= 4, 


(-7(3,0) 




{a^ 


a'n, 


h 


= 4, 


Cf'^) 




{a^a' , 




h 


= 4, 


(-7^3,2) 




{a3a'2 , 




h 


= 4, 



(214) 



where we have also shown the orders of each element in the conjugacy class by h. 

The S(32) has eight singlets l±^n with n = 0, 1, 2, 3 and six doublets 2p q with (p, q) = 
(1, 0), (2, 0), (3, 0), (2, 1), (3, 1), (3, 2). The characters are shown in Table [13 
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The tensor products between doublets are obtained as 



) = (^2^3 + 0^31/2)1^, ©(x2|/3-X3y2)i_,©(!:'f) , (215) 



^3 \ ^ / Z/3 



= {xiys + xsyi)-^^ ^ © (xiy^ - X3yi)-^_ ^ 

© {xsys + xivi)-^ ®ix3ys-Xiyi)-^_^, (216) 



^1 ^0.., ^ (^1^2 + X2|/x),^,3©(x,|/2-X2|/l),.,3© ( )^^^, (218) 

= ixoy2 + 3:21/0)1+ 2 © ixoy2 - X2yo)i_ ^ 



^0 ; 22,0 V ^0 / 2.,o 



© (2:22/2 + 2;oyo)i+ © (3:2^2 - xoyo)i_ o, (2^^) 

J ®(f ) = (3^02/1 + a:iyo)i+,©(xoyi- xiyo)i ,©( ) . (220) 

/^^3\ ^/^2/3^ 2:22/3 \ ^f^2yi\ 



^2 ; 23.. V ^1 ; 23. V ^32/1 ; 2,„ v ^32/3 ; ^ 



^2; 23,2 V?/0 723,0 



(221) 

= (X32/3 + 2:22/0)1 , 2 ® (^32/3 - 2:22/0)1 2 ® ( ?!° J ' (222) 

+ ' ' V ^22/3 / 23,1 

^2)23.^(^1)2. = ^^2^2 + ^=^^i)i+.o® ^^22/2 - X32/i)i_,, ©( )^ , (223) 

^3^0 \ ef^^^") , (224) 



^3 \ ^ / 2/2 



^2; 23,2 V^0;2^_„ V ^22/2^23^^ V ^32/2^2^^^ 



^2; 23,2 V^O^^^^ 



= {X2yi + 2:32/0)1+ 3 © (2:22/1 - 2:32/0)1 3 © ( ) , (225) 

(226) 



2:3 \ ( ^3 \ ^ 2:32/0 \ ^ / X32/3 \ 

^1/23,1 V?/o 723,0 V ^1^/3 723,0 V^i^/oA^,.' 

2:3 \ ^ ^ y2 \ ^ / ^1^2 \ ^ f xm \ 

^1/23,1 Vyi;2.,. V^3yi;23^„ V ^32/2^2^^^ 



(227) 
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^3 \ ^ / ^2 
Xi 



® \ ] = (3^12/2 + 2;3yo)i+ 3 © (a;iy2 - a;3yo)i_ 



23.1 \ / 22,0 

© (x3?/2 + XiVo)^^ ^ © (x3i/2 - a;iyo)i_ (228) 



(229) 



) ®( !' ) = (3^31/2 + Xoyi)i^^©(x3y2-Xoyi)i ^©( ) , (230) 

^0/23,0 V?/l/22,i ^' ' V ^3^1/22,0 

^3 \ ^ f [ Xsyo \ ^ [ X3?/2 



(231) 

- / ^1 ^ - (X3yi + Xoyo)i^ „ © {xm - XoVo)^ „ © ( l'^' ) , (232) 

V -^oyi / 23,1 

(x2y2 + a;i2/o)i_,i ©(3^22/2 -a;i?/o)i_i © I i!^? ) ' (233) 

V -^2^0 / 23,2 

®{^y^^ =(a;il/i + ^22/o)i+,, ©(xi2/i-X22/o)i_,©(^;J:'^^^ , (234) 



^1 /22,i V ^0 / 22^0 V -^^^'^ / 23,2 



22,1 ^ / 2i,o V ^ / 23,1 

^2 \ ^ yi A f X2yi \ ^ f x2yo 



^0/22,0 V^O 721,0 V ^0^0/22,0 V ^02/1, 22,1 



(235) 



The tensor products between singlets are obtained as 





5 l±,o = 


l+,0 7 


1±,1 


©1±,1 


= l+,2 , 


1±,2$ 


?) 1±,2 = 


l + ,0 7 


1±,3 


©1±,3 


= 1. 


f,2) 




5 1±,2 = 


1 + 7 


1±,3 


©1±,1 


= l+,o , 


1±,3C> 


<) l±,o = 


l + ,3 , 


1±,2 


© 1±,1 


= 1 


f,3, 


1±,2^ 


5 l±,o = 


Ih-,2, 


1±,1 


©l±,o 
















(236) 




5 l±,o = 


l-,0 , 


1t,i 


©1±,1 


= l-,2 , 


1t,2$ 


^ 1±,2 = 


l-,0 , 


1t,3 


© 1±,3 


= 1 


-,2) 


1t,3^ 


5 1±,2 = 




1t,3 


©1±,1 


= l-,o , 


1t,3C> 


?) l±,o = 


l-,3 , 


1t,2 


© 1±,1 


= 1 


-,3, 


1t,2^ 


5 l±,o = 


l-,2 , 


1t,i 


©l±,o 
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The tensor products between singlets and doublets are obtained as 



(l/)l±.o ® 

iy)i±,2 ® 
iy)i±.o ® 

(?/)l±,2 ® 

iy)i±,o ® 
iy)i±,2 ® 

(2/)i±,o ® 

(Z/)l±,2 ® 
(l/)l±.o ® 
(2/)l±,2 ® 
(Z/)l±,o ® 

(Z/)l±,2 ® 



X3 

X3 

Xi 

Xj, 
Xi 

Xo 

Xq 

X2 
Xi 

X2 
Xi 

X2 
Xo 

X2 
Xo 

Xi 
Xo 

Xi 
Xo 



23,2 



23,2 



23,1 



23,0 



23,0 



22,1 



22,0 



22,0 



yxs 
yx2 

yxs 

yx2 

yx3 

yxi 
yxi 

yxz 

yx3 
yxo 

yxo 
yxs 

yx2 

yxi 

yxi 
yx2 

yx2 

yxo 
yxo 

yx2 
yxi 

yxo 

yxi 

yxo 



23,2 



2i,o 



23,: 



23,1 



23,0 



22,1 



23,0 



22,0 



(2/)i±.i ® 

(2/)i±,3 ® 

(z/)i±.i ® 

(Z/)l±,3 ® 

(2/)i±.i ® 

(2/)i±,3 ® 

(z/)i±,i ® 

(Z/)l±,3 ® 

(2/)i±.i ® 

(2/)i±,3 ® 

(z/)i±.i ® 

(Z/)l±,3 ® 



23,2 



X3 
X2 

X2 

X3 
Xi 

X3 
Xi 

Xs 
Xo 

Xo 

X2 

Xi 

X2 
Xi 

X2 
Xo 

X2 
Xo 

Xl 
Xo 

Xl 
Xo 



23.2 



23, 



23,1 



23.0 



23,0 



22, 



22,1 



22.0 



22.0 



yx2 \ 

; 23.0 

yx3 \ 
yxi \ 

yx3 \ 

/ 22,0 
yxo \ 

yxo \ 

yx2 \ 

/23,2 

yx2 \ 

/ 21.0 
yx2 \ 

/ 23, 
yxo \ 

; 23.1 

yxi \ 

yxo \ 
/23.o' 



(237) 



8.4 E(50) 

The S(50) has fifty elements, b'^a'^a'^ for /c = 0, 1 and m, n = 0, 1, 2, 3, 4 where a, a' 
and fe satisfy the same conditions as Eq. (11931) in the case of = 5. These elements are 
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classified into twenty conjugacy classes, 











/i 


— 1 






{aa'}, 




h 


— 5 


C?^ : 
^ 1 










h 


= 5, 












h 


— 5 












h 


= 5, 


Q'iO) . 




&a'^a^ , ba'^a 






h 


= 2, 


^ : 


{ha' 


, 6a , ha''^a^ 






h 


= 10 


Cf ^ : 




, 6a'a , 






h 


= 10 


Cf ^ : 








h 


= 10 


Cf ^ : 




, 6a'^a^ , ba' 


, ba'^ 


a , 6a^}, 


h 


= 10 




{a , 


a'}, 


h 


= 5, 

* 


(^(2,0) 




{a^ 


a'n, 




h 


= 5, 












h 


= 5, 


^(3,0) 




{a^ 






h 


= 5, 


^(3,1) 










h 


= 5, 






{a3a'2 , 






h 


= 5, 






{a^ 


a'n, 




h 


= 5, 


ch 










h 


= 5, 






{a^a'^ , 






h 


= 5, 












h 


= 5, 



(238) 



where we have also shown the orders of each element in the conjugacy class by h. 

The S(50) has ten singlets with n = 0, 1, 2, 3, 4 and ten doublets 2p ^ with (p, q) = 
(1, 0), (2, 0), (3, 0), (4, 0), (2, 1), (3', 1), (4, 1), (3, 1), (3, 2), (4, 3). The characters are shown 
in Tables [TS] and dni Since the tensor products are obtained in the same ways as 
the cases of lower order, as can been seen from the previous ones, we omit the explicit 
expressions. 
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1 

h 


Xl±o 


Xi±i 


Xl±2 


Xl±3 


Xl±4 




i 


i 


i 


1 
i 


1 
i 


1 
i 


Cl 





i 


P 


P 


P 


r,3 
P 


Cl 





i 


P 


P 


P 


P 


Cl 





i 


P 


P 


/i3 
P 


P 


Cl 





i 


P 


P 


P 


P 




9 


_L1 
iCi 


iCi 


-1-1 


_L1 
iCi 


_1_1 
iCi 




10 


±1 








±P^ 




10 


±1 




±P^ 


±p 






10 


±1 




±P 


±p^ 






10 


±1 




±p3 


±p^ 


±P 




5 


1 


p 


P^ 


p^ 


P' 




5 


1 




P^ 


p 


P' 




5 


1 




P 


p^ 


P' 


^(3,0) 


5 


1 


p' 


P 


p^ 


P' 




5 


1 


p' 


P^ 


p^ 


P 




5 


1 


1 


1 


1 


1 




5 


1 


p^ 


P^ 


p' 


P 




5 


1 


1 


1 


1 


1 




5 


1 


p 


P' 


p^^ 


P' 




5 


1 


p^ 


P' 


p 


P' 



Table 18: Characters of S(50) representations, where p = e^^'^l^ 
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h 




X22.0 


X22,l 


X23.0 


X23.1 


X23_2 


X24,o 


X24.1 


X24.2 


X24_3 




1 


2 


2 


2 


2 


2 


2 


2 


2 


2 


2 




5 


2p 


2p2 


2p3 


2p3 


2p^ 


2 


2p4 


2 


2p 


2p2 




5 


2p2 


2p^ 


2p 


2p 


2p3 


2 


2p3 


2 


2p2 


2p^ 




5 


2p3 


2p 


2p^ 


2/ 


2p2 


2 


2p2 


2 


2p3 


2p 




5 


2/ 


2p3 


2p2 


2p2 


2p 


2 


2p 


2 


2p^ 


2p3 




2 
































^/(l-4) 


10 


































5 


1 + P 


l + p2 


P + P' 


l + p=^ 


p + p3 


p^ + p^ 


1 + p^ 


P + P' 


P' + P' 


p3 + p^ 




5 


l + p2 


1 + p^ 


P^ + P^ 


1 + P 


P + P' 


P + P' 


1 + p^ 


p^ + p^ 


p^ + p' 


p + p3 




5 


P + P' 


p' + p' 


1 + p' 


p + p3 


l + p2 


p^ + p^ 


p=^ + p^ 


P + p' 


l + p=^ 


1 + P 




5 




1 + P 


P + P^ 


1 + p' 


p^ + p^ 


P + p' 


l + p2 


p^ + p^ 


P + P' 


p' + p' 




5 


p + p3 


P + P' 


l + p' 


p3 + p^ 


1 + P 


P + p' 


P^ + P' 


P' + P' 


1 + p^ 


1 + p^ 




5 


p^ + p^ 


P + P' 


p2 + p^ 


P + p' 


P + P' 


p^ + p^ 


p^ + p^ 


P + p' 


P + P' 


p^ + p^ 




5 


1 + p^ 


l + p3 


p=^ + p^ 


l + p2 


P^ + P^ 


p^ + p^ 


1 + P 


P + p' 


p + p3 


P + P' 




5 


P + p' 


p^ + p^ 


P + p' 


p^ + p^ 


p^ + p^ 


P + p' 


P + p' 


p^ + p^ 


p^ + p^ 


P + p' 




5 


P^ + P^ 


p3 + p4 


l + p2 


P + P' 


1 + p^ 


1 + P 


p + p3 


p^ + p^ 


1 + P 


l + p2 




5 


p3 + p^ 


p + p3 


1 + P 


P^ + P' 


l + p3 


p^ + p^ 


P + P' 


P + P' 


1 + p^ 


1 + p^ 



Table 19: Characters of E(50) representations, where p = e^^'^^^ 
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9 A{3N^) 

9.1 Generic aspects 

The discrete group A(3A^^) is isomorphic to {Z^ x Z^) xi Z3. (See also Ref. |189] .) We 
denote the generators of and by a and a' , respectively, and the Z^ generator is 
written by b. They satisfy 

N /N ,3 II 

a = a = = e, aa = a a, 

bab^^ = a^\a'y\ ba'b^^ = a. (239) 

Using them, all of A(3iV^) elements are written as 

g = b^aJ^a"", (240) 

for A; = 0, 1, 2 and m, n = 0, 1, 2, ■ ■ ■ , - 1. 

The generators, a, a' and 6, are represented, e.g. as 

p-i 
p I , (241) 
1 



\ / 
Op" , p" I , I p" I , (242) 

p-™-" / \ p-'"-" 

form,n = 0, 1,2, ■■■ ,A^- 1. 
• Conjugacy classes 

Now, let us study the conjugacy classes. It is found that 

ba'a"%-^ = a-'+™a'-^ b^a^a'^^b-^ = a-'^a'^"'". (243) 

Thus, these elements, a^a'"^, a~^~^"^a'~^, a~^a'^~^, must belong to the same conjugacy 
class. These are independent elements of A(3A^^) unless A^/3 = integer and 3£ = l+m = 
(mod A^). On the other hand, if A^/3 = integer and 3i = i + m = (mod A^), the above 
elements are the same, i.e. a^a'^^. As a result, the elements a^a'™" are classified into the 
following conjugacy classes, 

'"^ = {a'a'^, a-'^-^d-\ a-^a"-"^}, (244) 

for A^/3 7^ integer. 



I as 







pm 








p—m—n 








2A^\ 


f2N 
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for = integer. 

Similarly, we can obtain conjugacy classes including ba^a'"^. Let us consider the con- 
jugates of the simplest element b among ba^a'"^. It is found that 

aPa"^{b)a-Pa'-'^ = ba-P-^a'^-^'^ = 6a-"+=^'?a'", (246) 
where we have written for convenience by using n = p — 2q. We also obtain 

6(6a~"+=^^a'")6"^ = fea^n-sg^/n-sg^ ^247) 

b\ba-''+^''a"')b-^ = fca-^a'-^^+s-?. (248) 

The important property is that q appears only in the form of 3q. Thus, if 7^ integer, 
the element of b is conjugate to all of ba^a'^. That is, all of them belong to the same 
conjugacy class C]^2- Similarly, all of b'^a^a'^ belong to the same conjugacy class C^2 for 
A^/3 7^ integer. 

On the other hand, if A^/3 = integer, the situation is different. Among the above 
elements conjugate to 6, there does not appear ba. Its conjugates are also obtained as 

dPa"'{ba)a~''a!^^ = ba^-P-^a'P"^" = 6a^-"+3«a'", (249) 

6(6a^-"+2«a'")6-^ = 6a-^+2n-3g^/-l+n-3g^ ^250) 

62(&a^-"+3«a'")r2 = 6a""a'i"2n+3g_ ^251) 

It is found that these elements conjugate to ba as well as conjugates of b do not include 
ba^ when A^/3 = integer. As a result, it is found that for A^/3 = integer, the elements 
ba^a'^ are classified into three conjugacy classes, C*^2/3 for £ = 0, 1, 2, i.e.. 



C';>y^ = {ba'-''-''^a"'\m = 0, 1, ; n = 0, iV - 1}. (252) 
Similarly, the b'^a^a'^ are classified into three conjugacy classes, C*^2/3 for £ = 0, 1, 2, i.e.. 



Cf^^^ = {62a^-«-3m^'"|m = 0, 1, n = 0, - 1}. (253) 



Here, we summarize the conjugacy classes of A(3A^^). For A^/3 7^ integer, the A(3A^^) 
has the following conjugacy classes, 

Ci : {e}, h=l, 

Cf'"^ {aV™,a-^+"*a'-^a-'^a'^-'"}, h = N/ gcd{N,i,m), , 

: {feaV™|£,m = 0,1,- ■■ ,A^- 1}, /i = A^/ gcd(Ar, 3, £, m), ^ ^ 

: {62aV'"|£,m = 0,l,--- ,A^-1}, h = N/ gcd{N,3, e,m). 

The number of the conjugacy classes Cg^'*""* is equal to (A^^ — 1)/3. Then, the total number 
of conjugacy classes is equal to 3 + (A^^ — l)/3. The relations ( 1T2|) and f|T3|) for A(3n^) 
with A^/3 7^ integer lead to 

mi + 2^7722 + S^nis + ■■■ = 3N^, (255) 
mi + m2 + m3 + --- = 3 + (A^2-l)/3. (256) 
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The solution is found as (mi, 7713) = (3, (A^^ — l)/3). That is, there are three singlets and 
{N^ - l)/3 triplets. 

On the other hand, for A^/3 = integer, the A(3A^^) has the following conjugacy classes. 



Ci: 
C['^ : 



{e}, 

{a'^a'"''}, k 



N 27V 
3 ' 3 



1... ^-3 

= 0,1, 



3 ''^ 
N-3 



' 3 ' 



n 



0,1,--- ,iV-l}, p = 0,l,2, 
:0,1,--- ,iV-l}, p = 0,l,2. 



(257) 



The orders of each element in the conjugacy classes, i.e. = e are obtained as follows, 



Ci: 

3 



r^%p) 



h = l, 

h = iV/gcd(iV,iV/3,2iV/3), 
h = iV/gcd(iV, £,m), 
h = N / gcd(A^, 3,p — n — 3m, n), 
h = N/ gcd(A^, 3,p — n — 3m, n). 



(258) 



The numbers of the conjugacy classes Cj^'*, C^^''""' , Cj^y.^ and C^y^, are equal to 2 



(A^^ — 3)/3, 3 and 3, respectively. The total number of conjugacy classes is equal to 
9 + (iV^ _ 3)/3^ The relations and ([13]) for A{3N^) with N/3 = integer lead to 



mi 
mi + m2 



22m2 + 3^m3 + 



3iv^ 



1713 



9 + (iV^ -3)/3. 



(259) 
(260) 



The solution is found as (mi, ma) = (9, (A^^ — 3)/3). That is, there are nine singlets and 
(iV2 _ 3)/3 triplets. 



• Characters and representations 

Now, we study characters. We start with A^/3 7^ integer. In this case, there are 3 
singlets. Because = e, characters of three singlets have three possible values Xik{b) = w'^ 
with k = 0,1,2 and they correspond to three singlets, 1^. Note that Xik{ci) = Xifc(«') = 1, 
because Xik{b) = Xik{ba) = Xikipa'). These characters are shown in Table I2U1 

Next, let us consider triplets for A^/3 7^ integer. Indeed, the matrices ( 1241 p correspond 
to one of triplet representations. Similarly, we can obtain (3 x 3) matrix representations 
for generic triplets, e.g. by replacing 



a a^a"^. 



a — 7- b'^ab 



(261) 



However, note that the following two types of replacing 



[a, a') ^ ^a-^+™a'-^ a^a'"^) 



[a, a') ^ fa-™a'^-™, a 



(262) 
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h 


Xlo 


Xu 


Xl2 












1 


1 


1 


1 


3 


3 




3 




N 

gcd{N,£,m) 


1 


1 


1 




p2i~2m 
+p2m + p-2i 








N 

gcd{N,3,e,m) 


1 


u 















ri2 

'^N2 


N 

gcd(N,3,l,m) 


1 


















Table 20: Characters of A(3A^2) for iV/3 ^ integer 



also lead to the representation equivalent to the above (12611) . because the three elements, 
a^a'™, a~^+"^a'~^ and a~'"a'^~'", belong to the same conjugacy class, Cf'^^\ Thus, the 
A(3A^^) group with A^/3 ^ integer is represented as 

'p^ 

I , a = I p^ I , (263) 







1 


^\ 


















U 





I) 






p-'^^^ 

on the triplet 3[k][e], where [k][i] denotes 

[k][i] = {k,i), {-k-i,k) or {i,-k-i). (264) 
We also denote the vector of S[k]ie] as 

(xe-k-e\ 
Xk,e , (265) 

for /c, £ = 0, 1, ■ ■ ■ , — 1, where k and i correspond to and Z'jy charges, respectively. 
When {k, i) = (0, 0), the matrices a and a' are proportional to the identity matrix. Thus, 
we exclude the case with {k,i) = (0,0). The characters are shown in Table [201 

Similarly, we study the characters and representations for A^/3 = integer. In this case, 
there are nine singlets. Their characters must satisfy Xa{b) = {k = 0, 1, 2) similarly to 
the above case. In addition, it is found that Xa{ci) = Xa{ci') = {£ = 0, 1, 2). Thus, nine 
singlets can be specified by combinations of Xa{b) and Xa{ci), i.e. 1^/ {k, ^ = 0, 1, 2) with 
Xa{b) = and Xa{.o) = Xa{(i') = <^^- These characters are shown in Table UI[ 

The triplet representations are also given similarly to the case with A^/3 ^ integer. 
That is, the A(3A^^) group with A^/3 = integer is represented as 

^p-k-e Q 





(0 


1 

























0) 






p^ I , (266) 
p-^^7 \ 

on the triplet 3[k][i]. However, note that when {k,i) = (0,0), {N/3, N/3), {2N/3,2N/3) 
the matrices, a and a' are trivial. Thus, we exclude such values of {k, t). These characters 
are shown in Table [2T1 

^Thc notation [k][l] corresponds to {k,t) in Ref. [189| . 



61 







'^l{r,s) 




X3[o,[21 








1 


1 


3 


3 




3 




TV 

gcd{N,N/3,2N/3) 


1 








1 _j_ p3(n-l)p _|_ p-3{n-l)p 




N 

gcd{N,l,m) 




pt—m 


p2£-2m 
+p2- + 




pn— 1 ^p£~2in 
_^pi+m _|_ p-2£+m-j 


'-'Af2/3 


N 















gcd{N ,3,p—n—3m,n) 




N 


^2r+sp 













gcd{N ,3,p—n—3m,n) 



Table 21: Characters of A(3iV2) for A^/3 = integer 



• Tensor products 

Now, we study tensor products. First, we consider the A(3A^^) with A^/3 ^ integer. 
Because of their x Z'^ charges, tensor products of triplets 3 can be obtained as 

xe-k-eUi'-k'-e' 
Xk/Uk'/' 

•^—k—i kV—k'—i' k' 

ik][i] ^" " ''^ ' -^ik'ni'] ^ ' ' ^ ■*([fc+fc'][«+^'] 

X-k-e,ky£',-k'~e'\ I Xi-k-iy-k'-£',k'\ 

Xi_k-eyk',e' © I Xk,eye'-k'-e' (267) 

Xk/y-k'-£',k' / o V X-k-£,kyk\£' J „ 





for-(A;,£)^[A;'][f], 




/ y-e,k+e 

I y-k~e I = {xe-k-£y-i,k+e + Xk/y-k-e + x-k-£,kyk+i-k)-j_g 



\yk+e-k, ^ 
[km ^ ' -^-{km 



{xe-k-ey-e,k+e + ^'^Xk/y^k,~i + ^x ^k-e,kyk+e,~k) -^^^ 
{xe-k-ey-i,k+f: + ^Xk/y-k-e + ^'^x_k-i,kyk+e.-k)-^^^ 

X^k-i,ky-i,k+^\ I Xi-k-iyk+£-k\ 

xe^^k~ey~k,^e © j Xk/y^e,k+£ ■ (268) 

Xkiyk+e.-k / q, „ , \x-k-£.ky~k.-t I r,, 

A product of 3[fe][£] and 1^ is obtained as 

X{£-k-t)\ I X(^i^_k-£)Zr \ 

X{k,e) © {Zr)l, = u''X{k,£)Zr ■ (269) 

K^i-k-i,k)J [km \uj^'x^.k-i,k)Zr/ 

The tensor products of singlets Ik and Ik' are obtained simply as 

lfc©lfc/ = Ifc+fc/. (270) 
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Next, we study tensor products of = integer. We consider the tensor products of 
two triplets, 



(271) 




Unless {k',i') = —[k + mN/3][i + mN/3] for m = 0, 1,2, their tensor products are the 
same as f l267p . Thus, we do not repeat them. For {k',i') = —[—k + mA^/3][— £ + ■mN/3] 
(m = 0, 1 or 2), tensor products of the above triplets are obtained as 

y-e+mN/3,k+l-2mN/3 \ 
y-k+mN/3-e+mN/3 I 

JJk+l-2mN/3-k+mN/3/ o 

[k][l] ^ / ' I / / 3[_j._|_„ijv/3][-f+miV/3] 

= {xi,^k~iy-e,k+e~2m.N/3 + Xk/y-k+m.N/3~l+mN/3 + X _k-e.,kyk+l-~2mN /3-k+mN /3) -i^^ ^ 
'-^{x£-k-£y~i+mN/3,k+^-'2mN/3 + ^'^ ^k/y ^k+mN /3,~£+mN /3 + -k~i,kyk+l~2mN /3~k+mN /3) -i^^ 
^{x£-k-ey~i+mN/3,k+e-2mN/3 + ^^k/y -k+mN /3-l+mN /3 + ^^'^X-k-e,kyk+e-2mN/3,-k+mN/3) 
X-k-i,ky-e+mN/3,k+e-2mN/3\ 




Xi-k-£y-k+mN/3~e+mN/3 I 
Xk/4'k+e-2mN/3-k+mN/3 / 



•[-k+i+mN/3]l-k-2l+mN/3] 



X£-k-eyk+£-2mN/3-k+mN/3 

Xk,iy-e+mN/3,k+i-2mN/3 ■ (272) 



X-k-e,ky~-k+mN/3,-e+mN/3 

A product of 3[fc][£] and 1^,^ is 



3 



[k-e+mN/3][k+2t-2mN/3] 



X{e-k-£) \ I X(^£^_k-e)Zr,s 

X{k/) ® (^r-,.)l,,. = u''x^k,l)Zr,s | ■ (273) 

^X(-k-£,k)/ 3^_^^^^^ y^'^'"X(-k-£,k)Zr. 



[k][e] ^ \ ' / ' / ii[k+sN/3][e+sN/3] 



The tensor products of singlets Ik/ and lk',e' are obtained simply as 

Ife/ ® Ifc'/' = lfc+A;',£+£'- (274) 

9.2 A(27) 

The A(3) is nothing but the Z-^ group and A(12) is isomorphic to A4. Thus, the simple 
and non-trivial example is A (27). 
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11 




'^3fo,il 


^3(0.21 


ICi 


1 


1 


3 


3 




1 


1 




3a; 




1 


1 


3u 


3a;2 


3^(0,1) 


3 










3^(0,2) 


3 












3 












3 











Table 22: Characters of A (27) 



The conjugacy classes of A(27) are obtained as 







{e}, 




/i = 


1, 






{a,a'2}, 




h = 


3, 






{a2,a'}, 




h = 


3, 






{a', a, a^a'^}, 




h = 


3, 


(-<(0,2) . 




{a'^, a^, aa'}, 




h = 


3, 


(jihp) . 


{baP 


, baP-^a', baP-^a'"^ 


h 


h = 


3, 


q(2,p) . 


{baP 


, ^a^-^a', baP-^a'^ 




h = 


3. 



(275) 



The A(27) has nine singlets lr,s {r, s = 0, 1, 2) and two triplets, 3[o][i] and Spjp]- The 
characters are shown in Table [221 

Tensor products between triplets are obtained as 



3^1 -1 
2:0,1 

v^-l,0> 



*[0][1] 




*[0][1] 



a;i,-iyi -1 

a;o,iyo,i 
,a;_i,oy-i,o/ 3 



[0][2] 



2^-1,0^/1-1 

a;i,-iyo,i 
a;o,iy-i,o / 3 



[0l[2] 



Xi_i?/_i,o' 

a;o,iZ/i,-i 

3^-1,0^/0,1 



*[0][2] 

(276) 



X2-2\ / 1/2,-2 \ X2-2y2-2\ / X_2,ol/2,-2 \ / X2-2y-2fi 

X0,2 ® 1/0,2 = a;o,2l/0,2 © 3:2,-21/0,2 © 2;o,2l/2,-2 

x_2,o/3, „, \?/-2,o/3, „, V3;-2,ol/-2,o/ , V a;o,2l/-2,o / o, „ , \ a;-2,ol/o,2 , „ , 

^ ' ' ■'[0][2] ^ ' ' ■'[0][2] ^ ' ' ' ■'[0][1] ^ ' ' ' ■*[0][1] ^ ' ' / C5[0][i] 

(277) 
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^0,1 


1 H 






3[o][i] 


^ 2/1,0 / 



^(xi + a;^''a;o,i2/o,-i + c^''a;-i,o2/i,o)i( 

r 

^(xi _i2/o,-i + tu^'^xciyi^o + c<;'"a;_i,o2/-i,i)i( 

r 

^(a;i,-i2/i,o + '^^''a;o,i2/-i,i + '^''a;-i,o2/o,-i)i 



The tensor products between singlets and triplets are obtained as 



(278) 



3^(1,-1) \ / X{l-l)Zr,s 

X{0,1) ® {Zr,s)lr,s = OJ'X (^0,1) Zr,s 

(^(2,-2)\ / X(^2-2)Zr,s \ 

X{0,2) ® (2;r,s)i,,, = w''a;(o,2)2r,s ■ (279) 

a;(-2,0) / o V^^''^(-2,0) Zr,s J o 

The tensor products of singlets are obtained as Eq. (I274p . 
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n 


h 








X3 






1 


1 


1 


1 


1 


3 


3 




7 


3 


1 


u 












7 


3 


1 


co' 










Cs 


3 


7 


1 


1 


1 








3 


7 


1 


1 


1 







Table 23: Characters of Ty 

10 Tr 

It is useful to construct a discrete group as a subgroup of known groups. Through such a 
procedure, we can obtain group-theoretical aspects such as representations of the subgroup 
from those of larger groups. As such an example, here we study T7, which is isomorphic 
to Z-j XI Z3 and a subgroup of A(3A^^) with N = 7. The discrete group T7 [195] is known 
as the minimal non-Abelian discrete group with respect to having a complex triplet. 
We denote the generators of Zj by a and Z3 generator is written by b. They satisfy 

= 1, ab = ha^. (280) 

Using them, all of T7 elements are written as 

g = ITaJ", (281) 

with m = 0, 1, 2 and n = 0, ■ ■ ■ ,6. 

The generators, a and 6, are represented e.g. as 

p \ 

(282) 





1 


\\ 























p' 









0) 












where p = e^*'^/''. These elements are classified into five conjugacy classes, 

Ci : {e}, h = l, 

Ci^^ : {b , ba , ba'^ , ba^ , ba^ , ba^ , ba^}, h = 3, 

) : {b' , b^a , b^a^ , fe^a^ , b^a^ , fe^aS , fe2^6|^ _ 3^ (283) 

C3 : {a , , a"^}, h = 7, 

C3 : {a^ , , a^}, /i = 7. 

The T7 group has three singlets Ik with /c = 0, 1, 2 and two triplets 3 and 3. The 
characters are shown in Table [23], where ^ = • 

Using the order of p in a, we define the triplet 3( 3) as 



3 = \ X2 \, 3 = { X.2 \ = \ X, \ . (284) 
















x_4 y 




\ X3 
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The tensor products between triplets are obtained as 





X2y2 
X5y5 



(xiye + uj "X2I/5 + w "3:41/3) ife- 

k=0,l,2 

The tensor products between singlets are obtained as 

{x)iAy)ii = {xy)i2, {x)i2{y)i2 = {xy)u. 



The tensor products between triplets and singlets are obtained as 

/ yxi{e) 

{y)l, ® I X2(5) I = I yX2{5) 

3(3) \ ^^4(3) / 3(3) 
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11 T.{3N^) 



11.1 Generic aspects 

The discrete group S(3A^^) is defined as a closed algebra of three Abelian symmetries, 
Zn, Z'jq and Z^, which commute each other, and their Z3 permutations. That is, when 
we denote the generators of Z^v, Z'p^ and Z'J^ by a, a' and a", respectively, and the Z3 
generator is written by 6, all of S(3A^^) elements are written as 

g = h^a'^a'^'a"^, (290) 

with k = 0,1,2, and m,n,£ = 0,...,N — 1, where a, a', a" and b satisfy the following 
relations: 

= a'^ = a'"" = 1, aa' = a'a, aa" = a"a, a"a' = a'a", = 1, 
b^ab = a" , b'^a'b = a, b'^a'b = a. (291) 

These generators, a, a', a" and b, are represented, e.g, as 

fp 
a" = 1 I ,(292) 
\ 1 

where p = e^*'^/^. Then, all of S(3A^'^) elements are written as 

\ / 
p'" , p^ 1. (293) 











When N = 2, the element aa'a" commutes with all of the elements. In addition 



when we define a = aa" and a' = a'a", the closed algebra among a, a' and b corresponds 
to A(12), where the element aa'a" is not included. That is, this group is isomorphic to 
Z2 X A(12). 

The situation for = 3 is different. It is the same as the fact that the element aa'a" 
commutes with all of the elements. Furthermore, when we define a = a^a" and a' = a'a""^, 
the closed algebra among a, a' and b corresponds to A(27). However, since the element 
aa'a" is written by aa'a" = d?a' in this case, the element is inside of A (27). Thus, the 
group S(81) is not Z3 x A(27), but isomorphic to (Z3 x Z'^x Z'^) x Z3. 

Similarly, for generic value of A^, the element aa'a" commutes with all of the elements. 
When we define a = a^~^a" and a' = a'a"^~^, the closed algebra among a, a' and b cor- 
responds to A(3A^^). When A^/3 7^ integer, the element aa'a" is not included in A(3A^^). 
Thus, we find that this group is isomorphic to Z^ x A(3A^^). On the other hand, when 
iV/3 = integer, the element aa'a" is included in A(3iV^). That is, the group E(3iV^) can 
not be Zn x A(3iV2). The group S(3A^3) with iV/3 = integer has N^N"^ + 8) /3 conjugacy 
classes, 3A^ sing lets, and N{N^ - l)/3 triplets. 
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11.2 E(81) 

S(81) has eighty-one elements and those are written as h^a"^a'''^a"^ioi k = 0,1,2 and 
m,n,i = 0, 1, 2, where a, a', a", and b satisfy = a'^ = a"^ = 1, aa' = a'a, aa" = 
a"a, a"a' = a'a", = 1, b'^ab = a", b'^a'b = a and b'^a"b = a'. These elements are 
classified into seventeen conjugacy classes. 



Ci: 




{e}, 




= 


1, 


Ci'^ : 




{aa'a"}. 


h 


= 


3, 


C?^ : 




{{aa'a"f], 


h 


= 


3, 








h 




3, 


c'r ■ 






h 




3, 






, a^OflOa'! , a'0a"0ai}. 


h 




3, 


: 




, a"0a2a'2 , a'^d'^a"}, 


h 




3, 


: 


{a^a'^a"^ 


, a"iaia'2 ^ a'^a"^a''}, 


h 




3, 








h 




3, 


cT 




, a'^'a^a'^ , a'Oa"iai}, 


h 




3, 






, a'^a'a'^ , a'ia"2a2}. 


h 




3, 


CI: 






h 




3, 


CI: 






h 




9, 


CI: 




{ba'^a'^a""} 


h 




9, 








h 




3, 


Og . 






h 




9, 








h 




9, 



(294) 



where we have shown also the orders of each element in the conjugacy class by h. 
The relations and for E(81) lead to 



777-1 + 2^7772 + 3^7773 + 
777 1 + 7772 + 7773 H = 



^1, 



17. 



(295) 

(296) 

The solution is found as (7rii,r773) = (9,8). That is, there are nine singlets 1^ with 
k,i = 0,1,2 and eight triplets, 3^, 3^, 3^, Sn, 3^, 3^, 3c and Sn- The character tables 
are given by Tables [2l] and [251 

On all of the triplets, the generator b is represented as 



(297) 




The generators, a, a' and a", are represented on each triplet as 






(298) 
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ft 










Xi] 








Xl2 


^1 


1 
1 


1 


1 

1 


1 


X 


1 


1 


1 
X 


1 


1 
1 




1 
1 


1 


1 

1 


1 


X 


1 


1 


X 


1 


1 
1 




1 
1 


1 


1 

1 


1 


X 


1 


1 


X 


1 


1 
1 


MO) 




1 

X 


1 

X 


1 

X 


1 

X 


1 

X 


1 

X 


1 

X 


1 

X 


1 
X 




Q 
o 


1 

1 


1 

1 


1 

1 


X 


X 


X 


1 

X 


X 


X 


rW 


Q 
O 


1 

1 


1 

1 


1 

1 


UJ 


U-/ 


U-/ 


UJ 




UJ 




Q 
O 


1 

1 


1 

1 


1 

1 


(JJ 


U) 




UJ 


m2 


UJ 




Q 
O 


1 

1 


1 

1 


1 

1 


UJ 


UJ 




UJ 


UJ 


UJ 




Q 
O 


1 

1 


1 

1 


1 

1 


UJ 


UJ 


U-/ 


UJ 


UJ 


UJ 






1 


1 

± 


1 

X 


UJ 


u? 

UJ 


U-/ 


UJ 




Ul 




3 


1 


1 


1 


Uj' 






UJ 


a; 


UJ 


'-'9 


3 


1 






1 


UJ 


UJ^ 


1 




UJ^ 


^(1) 
'-'9 


9 


1 


u; 




u 


UJ^ 


1 


UJ^ 


1 


UJ 


^(2) 


9 


1 


UJ 




UJ^ 


1 




UJ 




1 


^'(0) 
•-^9 


3 


1 




UJ 


1 






1 




UJ 




9 


1 




UJ 


UJ^ 




1 




1 


UJ^ 




9 


1 




UJ 


UJ 


1 








1 



on 3 



A, 



on 3 



on 3, 



Table 24: Characters of S(81) for the 9 one- dimensional representations. 



100\ /w^OOX /w^OO 

a;2 , a = \ 1 , a" = | , (299) 

00u;2/ VoOwW VoOl 



a;2 

u; I , a' = I I , a" = | w | , (300) 
















1 













UJ 











UJ^ 











UJ 


UJ 











UJ^ 











1 






1 I , a' = I u;2 I , a" = | w | , (301) 
w 

on Zd- The representations of a, a' and a" on 3^, 3^, and 35 are obtained as complex 
conjugates of the representations on 3a, 3^, 3c and 3z), respectively. 
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Class 


n 


h 






X3b 




X3c 


X3c 






Ci 


1 


1 


3 


3 


3 


3 


3 


3 


3 


3 




1 


3 


3a; 


3a;2 


3ci; 


3a;2 


3a; 


3a;2 


3 


3 




1 


3 


3^2 


3u; 


3^2 


3u; 




3a; 


3 


3 


Cs 


3 


3 




















3a; 


o 2 

3a;'' 




3 


3 




















3a;2 


3a; 




3 


3 


-zV3 


zV3 




• At" 


• AT 

—%\/6uj 


• AT 9 










3 


3 


zV3 




• AT 


AT 9 


■ AT 9 


■ AT 

— zvou; 










3 


3 


-zV3a;2 


/o" 


/o" 

— ZVOCJ 




-za/3 


zV3 










3 


3 


/o" 

?v3u; 


-2V3u;2 




AT 

— 2V3u; 


?V3 


-2V3 










3 


3 


—lyiu 




-zV3 


zV3 


• /TT 9 


zv3a; 










3 


3 










?-\/3u; 












9 


3 


























^^^^^ 


9 


9 


























cf' 


9 


9 




























9 


3 


























W(l) 


9 


9 




























9 


9 



























Table 25: Characters of S(81) for the 8 three-dimensional representations. 

On the other hand, these generators are represented on the singlet 1^ as 6 = a;^ and 
a = a = a = uj . 
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The tensor products between triplets are obtained as 



Xi ^ 




(y^ 




1 H 




) 


3.4 




Xi ^ 




(v. 




1 H 


2/2 


) 


3a 


V 2/3 



xi y 








1 H 


2/2 


X3 ) 


3a 


V 2/3 


Xi ^ 








1 H 


2/2 


X3 J 


3a 


V 2/3 









X2 


1 H 


2/2 


X3 ) 


3a 


V 2/3 


Xl ^ 






X2 


1 H 


2/2 


X3 ) 


3a 


V 2/3 



3s 



a;i2/i ^ 




f X2y3 ] 




2^22/2 


1 »l 


X3yi 


1 


2^32/3 y 


3a 


V xiy2 J 


3b 



X2yi 

^ (xiyi + a;^^X22/2 + w^X3?/3)io 



^£=0,1,2 



/ X3yi ^ 




f xiy3 \ 


xiy2 


1 H 


X2yi 


\ X2y3 J 


3d 


V a;32/2 / 



XiVi ] 








2^22/2 


1 H 


xm 




2^32/3 J 


3c 


{ X2yi J 





3d 

' X2y3 

X3yi 
xm 



^ {xiyi + uj^^X2y2 + 07^x31/3)12 

v^=0,l,2 



/ 3:22/3 ^ 




f X2yi \ 


3:3^1 


1 H 


X3y2 


\ xiy2 J 


3d 


\ xm j 



xiyi ] 




f 2:22/3 ^ 




X2y2 


1 H 


2:32/1 




2^32/3 J 


3s 


V xm ) 





2:32/2 

a:i2/3 
X2yi 



^ (xii/i + a;^^X22/2 + a;^X3?/3)i2 

v^=0,l,2 



/ 3:22/3 ^ 




f 3:22/1 \ 


X3yi 


1 H 


xiy2 


\ xm J 


3d 


\ X3y3 j 
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Xi \ 




(y^ 




1 H 




2^3 ) 


3a 


V ^3 



^£=0.1,2 











1 H 






3d 


\ X2yi / 



Xi ^ 




(y^ 


X2 


1 H 




X3 J 


3d 


\ y3 


Xl \ 




(rn 


X2 


1 H 




X3 ) 


3d 


V ys 



3d 

xiyi \ / X2y3 \ / xsy2 
X2y2 © x^yi © xiy3 

^32/3 / 3^ V / 3^ V ^2^1 

^ [(Xiyi + a;^^X2?/2 + W^X3?/3)iO 
^=0,1,2 

©(a;2Z/3 + w^^xsi/i + w^a;i?/2)ii 

©(x3?/2 + + U;^X2yi)i2]. 



The tensor products between singlets are obtained as 

1 fc ^ 1 fc' _ 1 k+k' (mod 3) 
i-l 09 l£/ - 3) • 



The tensor products between singlets and triplets are obtained as 

(a;)io ® I 2/2 = a;y2 , (a;)io © ^2 = ujxy2 





fy^] 




'x)iO © j 


y2 








3(3)^ 



y^ I 3(3)^ \ / 3(3)^ \ ^3 / ^r.^ \ ^^^y^ 

yi\ I xyi 

(x)io © I ?/2 =1 uj^xy2 

2/3 / 3(3), V ^^^3 / 3(3)^ 

yi\ / xyi\ / I 

© I 2/2 = a;2/2 , {x)ii © 2/2 = ujxy2 

^3 / 3(3), \ ^2/3 / 3^,(3^) V 2/3 / . V ^^'2:2/3 

2/1 \ / 3^2/1 
© I 2/2 = (^^xy2 

^3 / 3(3), V ^^2/3 / 3e,(3D) 

2/1 \ / xyi\ / / 

(x)i2 © I 2/2 = a;y2 , {x)i2 © 2/2 = (^xy2 

2/3 / 3(3), V ^2/3 / 3s.(3a) V 2/3 / . \ ^'^2/3 







2/2 






3(3), 






2/2 




Way 


3(3), 



2/1 \ / xyi 

(X)i2 © I 2/2 = ^^^2^2/2 

2/3 / 3(3), V ^^2/3 / 3^,(3^) 
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(2;)io 



(X)l2 ® 



(3^)1? 



(a;)io 



(^)i,^, 



yi 
y2 
2/3 

z/i 
2/2 
2/3 

2/1 

2/2 

2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 

2/1 
2/2 
2/3 



3(3), 



3(3), 



3(3), 



3(3), 



3(3), 



3(3), 



3(3), 



3(3),. 



3(3), 



3(3), 



3(3), 



3(3), 



xyi 
xy2 











, (a;)io ® 1 


2/2 


1 -\ 


ujxy2 


3(3)s 




3(3)s 





xyi 
xy3 



3a, (3c) 



u'^xy2 
ujxys 



3a, (3c) 



3^2/2 

a;2/3 



3c, (3a) 



xyi 
u'^xy2 
uxys 



3c, (3a) 



xyi 
xy2 
xy3 



3(3), 



xyi 
u'^xy2 
ujxy3 



3(3) 



xy2 
xy3 



3b, (3a) 



3^2/1 

uj'^xy2 
ujxy3 



3b, (3a) 



3^2/1 
3^2/2 
3^2/3 



3a, (3b) 



u'^xy2 
uxys 



2/1 

2/2 
2/3 



3(3), 



2/1 

2/2 
2/3 



3(3), 



2/1 

2/2 
2/3 



3(3), 



3(3) 



(315) 







( xyi \ 


2/2 


1 H 


uxy2 




3(3)b 





3a, (3c) 

(316) 



uxy2 
u'^xys 



3c, (3a) 

(317) 



3^2/1 

ujxy2 
uj'^xys 



3(3), 



(318) 









f a;yi ^ 




x)ll (g) 1 


2/2 


1 -{ 


uxy2 


1 






3(3)c 


\y u'^xys ) 


3b, (3a) 



(319) 



xyi 
ujxy2 
u'^xy-i 



3a, (3b) 

(320) 



3a, (3b) 
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m ] 








1 H 






3{3)o 





(321) 



where A;, £ = 0, 1, 2. 
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12 A{6N^) 



12.1 Generic aspects 

The discrete group A(6A^^) is isomorphic to {Z^ x Z'jy) x S'3. (See also Ref. |196] .) Its 
order is equal to 6A^^. We denote the generators of and by a and a', respectively, 
and the Z3 and Z2 generators of S'3 are written by b and c, respectively. They satisfy 

= a'^ = b^ = c^ = {hcf = e, 
aa' = a' a, 

hah-^ = a-^a-\ bab'^ = a, (322) 
cac~^ = a'~^, ca'c~^ = a~^. 

Using them, all of A(67V^) elements are written as 

b c a a , {626) 

where = 0, 1, 2, £ = 0, 1 and m, n = 0, ■ ■ ■ , (A^ — 1). Similarly to the previous sections, 
we can find conjugacy classes, characters, representations and tensor products of generic 
A(6A^^). Instead of showing those aspects for generic A(6A^^), we concentrate on an 
example, i.e. A (54). 

12.2 A(54) 

The A(6) is nothing but 5*3 and the A(24) is isomorphic to the 5*4 group. Thus, the simple 
and non-trivial example is A (54). 

• Conjugacy classes 

All of the A(54) elements are written as fe^c^a^a'", where k,m,n = 0, 1,2 and i = 
0,1. Half of them are the elements of A(27), whose conjugacy classes are shown in 
(12751) . Because of cac~^ = a'~^ and ca'c~^ = a~\ the conjugacy classes C[^^ and C[^^ of 
A(27) correspond to the conjugacy classes of A(54), still. However, the conjugacy classes 
Cf''^^ and C^'^^ of A(27) are combined to a conjugacy class of A(54). Similarly, since 
cba^a'^c~^ = b'^ca^a'^c~^ , the conjugacy classes C^^'^^ and C^'^^ of A(27) for p + p' = 
(mod 3) are combined to a conjugacy class of A(54). 

Next, let us consider the conjugacy classes of elements including c. For example, we 
obtain 

a''a'^{ca'^)a-''a'-^ = ca'^+Pa'P, (324) 

where p = —k — i. Thus, the element ca'" is conjugate to ca"^~^^a'^ with p = 0,1,2. 
Furthermore, it is found that 

b{ca'^+Pa'P)b-^ = b^'ca-"'a'-"'-P, (325) 
b{ca-'^a'-'^-P)b~^ = bca-Pa"^. (326) 
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Then, these elements belong to the same conjugacy class. 

Using the above results, the A(54) elements are classified into the following conjugacy 
classes, 



Ci: 



(1,1) 



(1,2) 
(m) 



{e}, 
{aa'2}, 

{a?a'}, 

{a', a, a^a'^, a'^, a^, aa'}, 

{ha, ba', ba^a'"^, b'^a, b'^a', b'^a'^a''^}, 
{ba\ ba^a', ba'"", b^a^ b'^a^a', fe^a'^}, 

-P,bca-Pa'"' I p = 0,1,2}, 



h = 


1, 


h = 


3, 


h = 


3, 


h = 


3, 


h = 


3, 


h = 


3, 


h = 


3, 



(327) 



{ca™+Pa'P, b'^ca-"'a'~ 

where m = 0,1,2. The total number of conjugacy classes is equal to ten. The relations 
([I2D and ([13]) for A (54) lead to 

mi + 2'^m2 + + ■ ■ ■ = 54, (328) 
mi + ms + mg H = 10. (329) 

The solution is found as (mi,m2,m3) = (2,4,4). That is, there are two singlets, four 
doublets and four triplets. 

• Characters and representations 

Now, let us study characters and representations. We start with two singlets. It is 
straightforward to find Xiaici) = Xiaici') = Xiaib) = 1 for two singlets from the above 
structure of conjugacy classes. In addition, because of = e, the two values ±1 for 
Xi±(c) are possible. They correspond to two singlets, l-t. 

Next, we study triplets. For example, the generators, a, a', b and c, are represented 

by 







0^ 




























I) 




^0 










^0 












1 











0/ 



(330) 



on 3i(yfc) for k = 1,2. Obviously, the A(54) algebra fl322p is satisfied when we replace c by 
— c. That is, the generators, a, a', b and c, are represented by 

,k 





(331) 
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Xi+ 


Xi- 


'^3i(fe) 




X2i 


X22 


X23 


X24 


^\ 


1 

1 


1 

1 


Q 
O 


Q 
O 


9 


9 


9 


9 
z 


rW 
^1 


1 

1 


1 

1 


otu 




9 


9 


9 


9 
z 


^1 


1 

1 


1 

1 


OUJ 


OuJ 


9 


9 


9 
z 


9 
z 


rW 


1 


1 








2 


-1 


-1 


-1 




1 


1 








-1 


-1 


-1 


2 


^(1.1) 


1 


1 








-1 


2 


-1 


-1 




1 


1 








-1 


-1 


2 


-1 


'-"9 


1 


-1 


1 


-1 
















1 


-1 


















^(2) 


1 


-1 




— 















Table 26: Characters of A (54) 



on 32(A;) for k = 1,2. Then, characters Xs fo^' ^i{k) and 32(fc) are shown in Table [261 
There are four doublets and the generators, a, a', b and c, are represented by 



a = a'=(^Q °), ^=(oc!?2)' ^=f? J)' (333) 



« = «'=(n ^=(n ,*?2h c=(^ h, on 23, (334) 



cu^ ' \0 uy ' VI 

" = ^'=(0 c.°)' ^=(01)' '^(10)' (33^) 
Then, characters X2 for 2i 2,3,4 are shown in Table [261 

• Tensor products 

The tensor products between triplets are obtained as 











1 H 




X3) 


3i(i) 






/ X2I/3 + X3y2\ / X2y3 - X3y2\ 

x^yi + xiy3 © xsyi - xiy^ (336) 
\xiy2 + X2yi) \x1y2-x2y1) 



»1(1) ^ " ' 3i(2) \ - - / Oi(2) \ - - / 02(2) 



Xi 
X2 
<X3, 



Sl(2) 



'yi 

<S) I 1/2 



»1(2) 



fxiyi 

X2y2 
\X3y3/ 3 



1(1) 



/a;2y3 
a;3?/i 



X3y2 

xm 
X2yi, 



Sl(l) 



3^21/3 - X3y2 

xsyi - xiys 
.xiy2 - X2yi, 



(337) 



52(1) 
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Xi 



yi\ ( xiyA / X2I/3 + X3y2\ / - X3y2\ 



® h/2 = X2y2 © 3:3^1 + X12/3 © X32/1 - xm (338 



o \x3y3/ . \xiy2 + x2yi) „ \x1y2-x2y1 „ 

^2(1) ^ ' ■*2(1) ^ ' ■ll(2) ^ ' ■ll(2) ^ ' ■12(2) 



Xi^ 










X2 


1 H 




1 -\ 


a;2l/2 


X3) 


32(2) 




32(2) 


[,X3y3 



X2y3 + a;3?/2\ / X2y3 - 2:32/2 

3^32/1 + Xm © X3?/i - Xil/3 I (339) 



1) 











1 X2 


1 H 


2/2 


1 


\X3) 


3i(i) 




3l(2) 



{xiyi + X2I/2 + 2:32/3) 1 



xiyi + u}^X2y2 + ^3:3^3 \ 
uxiyi + a;^a;2|/2 + x^y^ J 



xiy2 + w^X2?/3 + oJXsyA ^ f xiy^ + uj'^X2yi + ujX3y2 



ujxiy^ + uj'^X2yi + X3y2 7 ^ V^^i2/2 + w''a;2y3 + x^yi^ 

(340) 



xiy3 + a;22/i + a;3?/2 ' 

24 



2:12/2 + 2:22/3 + 3:32/1 









2:2 


1 H 


^2 




3i(i) 


V2/3, 



+a;22/2 + a:3?/3)^_ 



+ ^2x22/2 + wa:3?/3 
-wxiyi - uj'^X2y2 - x-iy-i 



32(2) 



2i 



xiy2 + c^^a;22/3 + wx3yi \ / xiy^ + u;^X22/i + ^^31/2 



-u;xii/3 - u;'X22/i - ^3^/2 / 2^ V-cua;i?/2 - 2:22/3 - 2:32/1/ 23 

2:1^3 + X2yi + 0:3^2 ' 
-xiy2 - X2y3 - xsyi 



24 



(341) 









X2 


1 H 


2/2 


X3) 


3l(2) 


V2/3 



(xiT/i + X22/2 + 2:32/3) 1 



Xiyi + W^X22/2 + WX3?/3 
-UXiyi - W^X22/2 - 3^32/3/ 2, 



32(1) 



zi?/3 + w^a:22/i + ujX3y2 \ Xiy2 + a;^X22/3 + ujxsyi 



-ujxiy2 - uj^X2y3 - 2:32/1 / 2, \-^^iy^ - ^'^X2yi - X3y2 J ^ 



xm + X2y3 + x^yi 

■Xiy3 - X2yi - X3y2y 2^ 

The tensor products between doublets are obtained as 



(342) 



for k = 1,2,3,4, 



^ yi\ / 2:22/2 \ ^ / 2:22/1 



2:27,, V2/2y22 V^1^V23 V^l2/V24 



(344) 
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X2 



X2y2 



2, \yy2, V^1^V24 



yi 

^2/24 



X2yiJ^^ V^2|/2/23 



Xi 



yi 



x2/„ v^2y„ V^l?/l/2, 



X2y2 



xiy2 
X2yi 



24 



3^1 \ / Vi 



^2/2, V^2/2^ 



xiyi 



a;iy2 



a;iy2 
a;2yi 



^21/2/ 22 



The tensor products between doublets and triplets are obtained as 



Xi 
X2 



Xi 
.X2, 



22 



r 




1 2/2 




\y3, 


■ll(fc) 






1 2/2 


). = 


\2/3, 








6) 


-[ 




3i(i) 








= ( 




32(1) 












3l(2) 



/ xiyi + uj'^X2yi\ 

u}Xiy2 + ujX2y2 
yw^xiys + X22/3/ 



' xiyi + uj'^X2yi\ 



ujxiy2 + ujX2y2 



u^xiys + X2y3 ) 



xiy2 + u}X2yz 
ujxiys + Lo^X2yi 
uj^xiy2 + X22/2 



xiy2 + ujX2y3 
ujxiys + Lo^X2yi 
uj^xiy2 + X22/2 



xiys + ujX2y2 \ 
cj^xiya + X2yi J 



»2(fc) 



>1(1) 



'2(1) 



ujxiy2 - ujX2y2 
\uj^xiy3 - X22/3, 



/ a:ii/i - u^X2yi 
ujxiy2 - WX22/2 

^CJ^Xiys - X22/3^ 



'1(2) 



/ xiy2 - (^X2y3 
Loxiys - (^^X2yi 
\ Lo^xiy2 - X22/2 



xiy2 - cox2y3 
Loxiys - (^^X2yi 
w^xii/2 - 2:22/2 



xiy-i - ujX2y2 
uxiyi - a;2x22/2 
w^xii/2 - X2yi 
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Xi 
.^2 



'yi 



^2(2) 













3i(i) 






y2 






32(1) 



XiUs + UJX2y2 \ 

uxiyi + u'^X2yz 
u'^xiy2 + X2yi ) 

xiy-i + ujX2y2 \ 
ujxiyi + uj'^X2y-i 
uj^xiy2 + X2yi / 

xiy-i + ujX2y2 \ 
uxiyi + uj'^X2y-i 
uj'^xiy2 + X2yi J 



>2(2) 



3i(i) 



xiy-s - ujX2y2 \ 



X2y2 

uj^xiy2 - X2yi ) 3^ 



ujxiyi — u 



(2) 



xiy-s - ujX2y2 \ 
uxiyi - uj^X2y2 



xiy2 - X2yi 



>2(1) 



»2(1) 



xiy-s - ujX2y2 \ 
uxiyi - uj^X2y2 I 
uj^xiy2 



/ -11(1) 



(355) 



(356) 



(357) 



'yi 

2/2 
.2/3; 



3l(2) 



xiy2 + cux2y3 
ujxiy^ + uj'^X2yi 
u'^xiyi + X22/2 



3l(2) 



xiy2 - wx2y3 
uxiy-i - uj^X2yi 
u^xiyi - X2y2 



l2(2) 



(358) 



'2/1 

2/2 

.2/3, 



^2(2) 



a;i?/2 + wx2y3 
ujxiy^ + cj2x2yi 
w^a;!?/! + X22/2 



J2(2) 



xiy2 - wa;22/3 
ujxiys - (^^X2yi 
uj^xiyi - X22/2 



^1(2) 



(359) 







2/2 






3i(i) 






2/2 






32(1) 



'2/1 
® I 2/2 
.2/3 > 



il(2) 



a;i2/3 + a^22/2\ 
a^i2/i + a;22/3 
xiy2 + X2yij 

Xiy3 + X22/2\ 

a;i2/i + X2y3 
xiy2 + a;22/i/ 

^xiy2 + a:22/3\ 
a;i2/3 + 3^22/1 
+ X22/2/ 



*i(i) 



»2(1) 



3l(2) 



hiys 

xm 
\x1y2 

^xiy-s 
xiyi 

yCiy2 

^xiy2 

xm 
yXiyi 



X2y2\ 

3^22/3 

X2yi/ 

X2y2\ 
3^22/3 

X2yi/ 

X2y3\ 

X2yi 

3^22/2/ 



>2(1) 



>1(1) 



(360) 



(361) 



(362) 



'2(2) 







2/2 






32(2) 



'Xiy2 + X22/3\ 

a;i2/3 + X2yi 
xiyi + .T2y2/ 



'2(2) 



^xiy2 - X2y3\ 
xiys - X2yi 
^xiyi - 0:22/2/ 



'1(2) 



(363) 



Furthermore, the tensor products of the non-trivial singlet 1_ with other representa- 
tions are obtained as 



3i(fc) ® 1_ = 3 



2{k), 



*2(fc) 



3l(A;). 



(364) 
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13 Subgroups and decompositions of multiplets 



In the section [151 we see interesting applications of non-Abelian discrete symmetries for 
particle physics. For such applications, breaking of discrete symmetries is quite impor- 
tant, that is, breaking patterns of discrete groups and decompositions of multiplets. In 
this section, we study decompositions of multiplets for groups, which are studied in the 
previous sections. Suppose that a finite group G has the order and M is a divisor of 
A^. Then, Lagrange's theorem implies fine group H with the order M is a candidate for 
subgroups of G. (See Appendix A.) 

An irreducible representation tq of G can be decomposed in terms of irreducible 
representations m of its subgroup H as Vq = J2m '^H,m.- If the trivial singlet of H is 
included in such a decomposition, rH,mi and a scalar field with such a trivial singlet 
develops its vacuum expectation value (VEV), the group G breaks to H. On the other 
hand, if a scalar field in a multiplet develops its VEV and it does not correspond to 
the trivial singlet of the group G breaks not to H , but to another group. 

Furthermore, when we know group-theoretical aspects such as representations of G, it 
would be useful to use them to study those for subgroups of G. 

In what follows, we show decompositions of multiplets of G into multiplets of sub- 
groups. For a finite group G, there are several chains of subgroups, G —j- Gi —)■■■■ —)■ 
Gfc — )■ Zm — {e}, G — 7- G'l — 7- ■ ■ ■ — 7- G'^ — t- Zm — ?■ {e}, etc. It would be obvious 
that the smallest non-trivial subgroup in those chains is an Abelian group such as Z^r or 
Zm- In most of cases, we concentrate on subgroups, which are shown explicitly in the 
previous sections. Then, we show the largest subgroup such as Gi and G\ in each chain 
of subgroups. 

13.1 53 

Here, we start with S^, because is the minimal non-Abelian discrete group. Its order 
is equal to 2 x 3 = 6. Thus, there are two candidates for subgroups. One is a group 
with the order two, and the other has the order three. The former corresponds to Z2 
and the latter corresponds to Z^. As in section ISTTl the 6*3 consists of {e, a, 6, a6, ha, bab}, 
where = e and {ab)^=e. Indeed, the subgroup Z2 consists of e.g. {e, a}, while the 
other combinations such as {e, b} and {e, bab} also correspond to Z2. The subgroup Z3 
consists of {e, ab, ba = (ab)"^}. The S3 has two singlets, 1 and 1' and one doublet 2. Both 
of subgroups, Z2 and Z3, are Abelian. Thus, decompositions of multiplets under Z2 and 
Z3 are rather simple. We show such decompositions in what follows. 

• Z3 

The following elements 

{e, ab, ba}, 

of 5*3 construct the Z^ subgroup, which is the normal subgroup. There is no other choice 
to make a Z3 subgroup. There are three singlet representations, 1^ = 0, 1, 2 for Z3, that 
is, ab = uj^ on 1^. Recall that Xii^b) = Xi'{(^^) = 1 for both 1 and 1' of S3. Thus, both 1 
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and 1' of 5*3 correspond to Iq of Z3. On the other hand, the doublet 2 of 5*3 decomposes 
into two singlets of Z3. Since X2(«^) = —1, the 5*3 doublet 2 decomposes into li and I2 
of Z3. 

In order to see this, we use the two dimensional representations of the group element 
ab dMD, 

a6=(^3 -f )• ^^^^^ 

Then the doublet {xi,X2) decompose into two non-trivial singlets as 

li : Xi — 1x2 I2 : Xi + 1x2- (366) 



• 5*3 Z2 

We consider the Z2 subgroup of 6*3, which consists of e.g. 

{e,a}. 

There are two singlet representations 1^ A; = 0, 1, for Z2, that is, a = (—1)'^ on 1^. Recall 
that Xi(a) = 1 and Xi'{(^) = ~1 ^oi 1 and 1' of 5*3. Thus, 1 and 1' of S3 correspond to 
Iq and li of Z2, respectively. On the other hand, the doublet 2 of 6*3 decomposes into 
two singlets of Z2. Since X2(a) = —1, the 5*3 doublet 2 decomposes into Iq and li of Z2. 
Indeed, the element a is represented on 2 in ( l33i) as 

a=(j (367) 

Then, for the doublet (xi, X2), the elements Xi and X2 correspond to Xi = Iq and X2 = li, 
respectively. 

In addition to {e, a}, there are other Z2 subgroups, {e, b} and {e, aba}. In both cases, 
the same results are obtained when we choose a proper basis. This is an example of 
Abelian subgroups. In non-Abelian subgroups, the same situation happens. That is, 
different elements of a finite group G construct the same subgroup. A simple example is 
Dq. All of the Dq elements are written by a"^b^ for m = 0, 1, ■ ■ ■ , 5 and /c = 0, 1, where 
a^ = e and bab = a~^. Here, we denote a = a^. Then, the elements a"'6^ for m = 0, 1, 2 
and k = 0,1 correspond to the subgroup D3 ~ 5*3. On the other hand, we denote b = ab. 
Then, the elements d"^b^ for m = 0, 1, 2 and k = 0,1 correspond to another subgroup. 
The decompositions of Dq multiplets into D3 multiplets are the same between both D3 
subgroups when we change a proper basis. 

13.2 ^4 

As mentioned in section [121 the 6*4 group is isomorphic to A(24) and {Z2 x Z2) xi 5*3. 
It would be convenient to use the terminology of {Z2 x Z2) x 6*3. That is, all of the 
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1' 



LO 

a;2 



1 

1 

1 



3' 




1 

1 



1 

1 

1 








-1 



1 








1 
1 



-10 
0-10 
1 









-1 
1 



1 
1 



1 
0-10 
0-1 



1 
0-10 
0-1 



Table 27: Representations of 5*4 elements 

elements are written as h^c^a^a' " with /c = 0,1,2 and i,m,n = 0,1. (See section [T2l) 
The generators, a, a', b and c, are related with the notation in section [3721 as follows, 

b = Ci, c = /i, a = 04, a = a2. (368) 

They satisfy the following algebraic relations 

6"^ = = (&c)^ = = a'^ = e, aa' = a'a, 

bab^^ = a~^a'"\ ba'b"^ = a, cac~^ = a'~^, ca'a^^ = a^^. (369) 

Furthermore, their representations on 1, 1', 2, 3 and 3' are shown in Table [271 As 
subgroups, the 5*4 includes non-Abelian groups, S3, and S(8), which is iZ^ x ^2) x Z^- 
Thus, the decompositions of 6*4 are non-trivial compared with those of S3. 

• S4 ^ S3 

The subgroup 5*3 elements are {ai, bi,di,di,ei, fi}. Alternatively, they are denoted by 
b'^c^ with /c = 0, 1, 2 and i = 0,1, i.e., {e, b, 6^, c, be, b'^c}. Among them. Table [28] shows the 
representations of the generators b and c on 1, 1' and 2 of 6*3. Then each representation 
of 5*4 is decomposed as 

^4 1 1' 2 3 3' 

i i i i i . (370) 
^3 1 1' 2 1 + 2 l' + 2 

The components of 3 {xi,X2,X3) are decomposed to 1 and 2 as 

1 : (xi + X2 + X3), 2: , 2 , N h (371) 
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1 


1' 


2 


b 


1 


1 


( 


' CO ' 




c 


1 


-1 




(:;) 





Table 28: Representations of 5*3 elements 





1 


r 


1" 


3 












1 0\ 


b 


1 


u 




(: 


1 












0/ 












\ 


a 


1 


1 


1 





-1 










\ ^ 


1 / 










1 1 


\ 


a' 


1 


1 


1 





-1 










\ 


-1 / 



Table 29: Representations of elements 

and components of 3' are decomposed to 1' and 2 as 

1 ■.ix,+x, + x,), 2 : ^ ^ ^ ^^^^ J . (372) 

• 5*4 -> 

The A4 subgroup consists of b^aJ^a'^ with /c = 0, 1, 2 and m, n = 0, 1. Recall that the 
/I4 is isomorphic to A(12). Table [29] shows the representations of the generators 6, a and 
a' on 1, 1', 1" and 3 of A4. Then each representation of 5*4 is decomposed as 

^411' 2 3 3' 

i i i i i . (373) 
A4 1 1 I' + l" 3 3 

• ^4 ^ S(8) 

The subgroup S(8), i.e. (Z2 x Z2) xi Z2, consists of c^a™'a'" with i,ni,n = 0, 1. Table 
[30] shows the representations of the generators c, a and a' on l+Oj l+i, l-o, l-i and 2i^o 
of S(8). Then each representation of 5*4 is decomposed as 

^4 1 1' 2 3 3' 

ill ; i . (374) 

S(8) 1+0 1-0 1+0 + 1-0 1+1 + 2 l_i + 2 
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1+0 


1+1 


1-0 


1-1 


2i,o 


c 


1 


1 


-1 


-1 


(;:) 


a 


1 


-1 


1 


-1 


{:-",) 


a' 


1 


-1 


1 


-1 


( -•■ ; ) 



Table 30: Representations of E(8) elements 
The components of 3 {xi,X2,xz) are decomposed to l+i and 2 as 

1+1 ■X2, 2: 
and the components of 3' are decomposed to l_i and 2 as 

1-1 : X2, 2 : 

13.3 Ar, 



-Xi 



(375) 



(376) 



All of the elements are written by products of s = a and t = hah as shown in section 
1121 

• As ^4 

The subgroup elements are {e,h,a,hah'^,h'^dh,ha,ah,dhd,h'^d,h'^dhdh} where d = 
ah'^aha. We denote t = h and s = d. They satisfy the following relations 



52 = F = (5t)3 = e, 



(377) 



and correspond to the generators, s and t, of the A^ group in section 14.11 Each represen- 
tation of A^ is decomposed as 



As 1 3 3' 4 5 

Ai 1 3 3 1 + 3 l' + l" + 3 



(378) 



• As ^ Z^s 

The D5 subgroup consists of a'^a™ with k = 0,1 and m = 0, 1, 2, 3, 4 where d = hah^a. 
They satisfy = d^ = e and ada = d^. In order to identify the basis used in section 
[6l we define h = ahah^a. Table [31] shows the representations of these generators d, h on 
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Table 31: Representations of elements. 
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Table 32: Representations of T' 

1+, 1_, 2i and 22 of -D5. Then each representation of is decomposed as 

A5 1 3 3' 4 5 

i i ; i i • (379) 

D5 1+ l_ + 2i l_ + 22 2i + 22 l+ + 2i + 22 



• -> 53 ~ Z^a 

Recall that the S3 group is isomorphic to the D3 group. The subgroup D3 consists 
of b'^d"^ with /c = 0, 1,2 and m = 0, 1 where we define d = ab'^ab'^ab. These generators 
satisfy = e and dbd = 6^. Then each representation of is decomposed as 

As 1 3 3' 4 5 

ill i i . (380) 

1+ 1- + 2 1- + 2 l+ + l_ + 2 1+ + 2 + 2 

13.4 V 

All of the T' elements are written in terms of the generators, s and t as well as r, which 
satisfy the algebraic relations, = r, = t'^ = (st)^ = e and rt = tr. Table 152] shows 
the representations of s, t and r on each representation. 
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The subgroup consists of a™, with m = 0, ■ ■ ■ , 5, where a = rt and = e. The 
Zq group has six singlet representations, 1„ with n = 0, ■ ■ ■ ,5. On the singlet 1„, the 
generator a is represented as a = e^'^*"/^. Thus, each representation of T' is decomposed 
as 

T' 1 1' 1" 2 2' 2" 3 

ill; ; ; i . (38i) 

Ze lo I2 I4 I5 + I1 I5 + I3 I3 + I5 I0 + I2 + I4 

• r ^ Z4 

The subgroup Z4 consists of {e, s, s^, s^}. The Z4 group has two singlet representations, 
Im with m = 0, 1,2,3. On the singlet 1^, the generator s is represented as s = e'^*'"/^. 
All of the doublets of T', 2, 2', 2", are decomposed to two singlets of Z4 li and I3 as 
li : ^^^Xi + X2 and I3 : — ""''^^^ ixi + X2, where (xi,X2) correspond to the doublets. 
In addition, the triplet 3 : (xi,X2,X3) is decomposed to singlets, Iq + I2 + I2 as Iq : 
{xi + X2 + X3), I2 : (— Xi + X3) and I2 : (— Xi + X2). The results are summarized as 

T' 1 1' 1" 2 2' 2" 3 

i i i ; ; i i • (382) 

Z4 lo lo lo I1 + I3 I1 + I3 I1 + I3 I0 + I2 + I2 

We consider the subgroup (^4, which consists of with m = 0, 1, 2, 3 and A; = 0, 1. 
The generator b is defined hj b = tst^. Then, each representation of T' is decomposed as 

T' 1 V 1" 2 2! 2" 3 

i i i i i i ; . (383) 

1++ 1++ 1++ 2 2 2 l+_ + l_+ + l__ 

13.5 D4 

Here, we study 1^4, which is the second minimum discrete symmetry. All of the D4 
elements are written by a^b^ with m = 0, 1, 2, 3 and k = 0, 1. Since the order of D4 is 
8, it contains the order 2 and 4 subgroups. There are two types of the order 4 groups 
which are corresponding to Z2 x Z2 and Z4 groups. All of subgroups are Abelian. Thus, 
decompositions are rather simple. 

• D4 -> Z4 

The subgroup Z4 is consist of the elements {e,a, a^,a^}. Obviously it is the normal 
subgroups of D4 and there are four types of irreducible singlet representations 1^ with 
m = 0, 1, 2, 3, where a is represented as a = e'^*'"/^. From the characters of D4 groups, it is 
found that l+_)_ and 1 of D4 correspond to lo of Z4 and l+_ and 1__)_ of D4 correspond 
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to I2 of D4. For the doublet 2, it is convenient to use the diagonal base of matrix a as 
Then we can read the doublet 2 : (xi,X2) decomposes to two singlets as li : xi and 

• -D4 — )■ Z2 X Z2 

We denote d = a^. Then, the subgroup Z2 x Z2 consists of {e, a, b, ab}, where db = bd 
and = 6^ = e. Obviously, their representations are quite simple, that is, 1±±, whose 
Z2 X Z2 charges are determined by a = ±1 and b = ±1. We use the notation that the 
first (second) subscript of 1±± denotes the Z2 charge for d (b). Then, the singlets 1++ 

and l+_ of D4 correspond to 1++ of Z2 x Z2 and 1 |_ and 1 of -D4 correspond to 

of Z2 X Z2. The doublet 2 of D4 decomposes to and 1 of Z2. 

In addition to the above, there is another choice of Z2 x Z2 subgroup, which consists 
of {e, a^, ab, a^b}. In this case, we can obtain the same decomposition of D4. 

• D4 -> Z2 

Furthermore, both Z4 and Z2 x Z2 include Z2 subgroup. The decomposition of D4 to 
Z2 is rather straightforward. 

13.6 general Djy 

Since the group Z^at is isomorphic to Zjy x Z2, Dm and Z^- as well as Z2 appear as 
subgroups of Djv; where M is a divisor of A^. Recall that all of Dpi elements are written 
by a"''b'^ with m = 0, ■ ■ ■ ,N — 1 and k = 0,1. There are singlets and doublets 2^, where 
A; = 1, ■ ■ ■ , iV/2 - 1 for = even and = 1, ■ ■ ■ , (A^ - l)/2 for N = odd. On the doublet 
2k, the generators a and b are represented as 

where p = e^'^*/^. For = even, there are four singlets 1±±. The generator b is repre- 
sented as 6 = 1 on while 6 = — 1 on The generator a is represented as a = 1 on 

1++ and 1 , while a = — 1 on and For A^ = odd, there are two singlets 1±. 

The generator b is represented as 6 = 1 on and b = —1 on 1_, while a = 1 on both 
singlets. 

• Dn -> Z2 

The two elements e and b construct the Z2 subgroup. Obviously, there are two singlet 
representations Iq, li, where the subscript denotes the Z2 charge. That is, we have 6=1 
on lo and 6 = — 1 on li. 



(384) 
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When is even, the singlets 1++ and l+_ oi become Iq of Z2 and the singlets 

1„+ and 1 of Dm become li of Z2. The doublets 2^ of D^, (xi,X2), decompose two 

singlets as Iq : xi + X2 and li : xi — X2- These results are summarized as follows, 




1 



i 
li 



+ 



1 



2k 

i i 
li lo + li 



(386) 



When is odd, the singlet 1+ of D^ becomes Iq of Z2 and the singlet 1_ of D^ 
becomes li of Z2. The decompositions of doublets 2^ are the same as those for = even. 
These results are summarized as 



The subgroup consists of the elements {e, a, ■ ■ ■ ,a^~^}. Obviously it is the 
normal subgroups of Djv and there are N types of irreducible singlet representations 
lo, li, ■ ■ ■ , Ijv-i. On the 1^, the generator a is represented as a = p^. 

When is even, the singlets 1++ and 1 of Dm become Iq of Zn and the singlets 

l4._ and 1„+ of Dm become 1m/2 of Zm- The doublets 2^, (xi,X2), decompose to two 
singlets as l^,- : Xi and iN-k '■ ^2- These results are summarized as follows. 



When A^ is odd, both and 1_ of Dm become Iq of Zm- The decompositions of 
doublets 2fc are the same as those for A^ = even. 

• Dm ^ Dm 

The above decompositions of Dm are rather straightforward, because subgroups are 
Abelian. Here we consider the Dm subgroup, where M is a divisor of A^. The decompo- 
sitions of -Dtv to Dm would be non-trivial. We denote a = with I = N/M, where i is 
integer. The subgroup Dm consists of d'^b'' with m = 0, ■ ■ ■ , M — 1 and k = 0,1. There 
are three combinations of {N,M), i.e. (A^, M) = (even, even), (even, odd) and (odd,odd). 

We start with the combination (A^, M) =(even,even). Recall that (ab) of Dm is repre- 
sented as a6 = 1 on and ab = —1 on Thus, the representations of (a^b) depend 
on whether i is even or odd. When i is odd, (ab) and (a^b) are represented in the same 
way on each of the above singlets. On the other hand, when i = even, we always have the 
singlet representations with = 1. The doublets 2k of Dm correspond to the doublets 
2fc/ of Dm when k = k' (mod M). In addition, when k = —k' (mod M), doublets 2k 
(xi, X2) of Dm correspond to the doublets 2M-k' (^2, xi) of Dm- That is, the components 




(387) 



• Dm ^ Zm 




(388) 
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are exchanged each other and we denote it by 2M-k'- Furthermore, the other doublets 2^ 
of D]y decompose to two singlets of Dm as l+_ + 1_+ with l+„ : X1 + X2 and 1„+ : X1 — X2 

for k = (M/2) (mod M) and 1++ + 1 with 1++ : xi + X2 and 1 : Xi — X2 for A; = 

(mod M). These results are summarized as follows, 
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(389) 
where n is integer. 

Next we consider the case with {N,M) =(even,odd). In this case, the singlet 

1 ^ and 1 of Dn become 1+, 1+, 1_ and 1_ of -Dj\/, respectively. The doublets 

2fc of Dn correspond to the doublets 2^/ of Dm when k = k' (mod M). In addition, 
when k = —k' (mod M), the doublets 2^ (xi, X2) of Dn correspond to the doublets 2M-k' 
(x2,Xi) of Dm- Furthermore, when k = (mod M), other doublets 2^ of decompose 
to two singlets of Dm as 1+ + 1_, where 1+ : Xi + X2 and 1_ : Xi — 2:2. These results are 
summarized as follows. 



Dn 
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i_+ 1+ 
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2fc'+Mn ^Mn-k' ^Mn 
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■\' ■\' -Ir 


Dm 


1+ 


1+ 1 


1 


2fc' ^M-k' 1+ + 1- 



where n is integer. 

Now, let us consider the case with {N,M) =(odd,odd). In this case, the singlets 1+ 
and 1_ of Dn become 1+ and 1_ of Dm- The doublets 2^ of Dn correspond to the 
doublets 2fc/ of Dm when k = k' (mod M). In addition, when k = —k' (mod M), doublets 
2fc {xi,X2) of Dn correspond to the doublets 2M-k' (2^2,2:1) of Dm- Furthermore, when 
k = (mod M), other doublets 2^ of Dn decompose to two singlets of Dm as 1+ + 1_, 
where 1+ : xi + X2 and 1_ : Xi — X2. These results are summarized as follows, 

Dn 1+ 1- ^k'+Mn ^Mn-k' ^Mn 

ill i ; , (391) 

Dm 1+ 1- 2fc/ 2M-k' 1+ + 1- 

where n is integer. 
13.7 Q4 

Here, we study Q4. All of the Q4 elements are written by a"^b^ with m = 0,1,2,3 and 
fc = 0, 1. Since the order of is equal to 8, it contains the order 2 and 4 subgroups. 
There are a few types of the order 4 groups which correspond to Z4 groups. 

• Q4 Z4 
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Table 33: Representations of Qat for iV = 4n 



For example, the elements {e, a, a^, a^} construct the Z4 subgroup. Obviously it is 
the normal subgroups of Q4 and there are four types of irreducible singlet representations 
Im with m = 0, 1, 2, 3, where a is represented as a = e'^*'"/^. From the characters of Q4 

groups, it is found that 1++ and 1 of correspond to Iq of Z4 and 1_+ and of 

Q4 correspond to I2 of Z4. For the doublets of Q4, it is convenient to use the diagonal 
base of matrix a as 



i 
-i 



(392) 



Then we find that the doublet 2 (xi, X2) decomposes to two singlets as li : xi and I3 : X2- 
These results are summarized as follows, 



(393) 



In addition, other Z4 subgroups consist of {e,b,b'^,b^} and {e, a6, (a&)^, (a&)^}. For 
those Z4 subgroups, we obtain the same results when we choose proper basis. Furthermore, 
subgroups of Z2 can appear from the above Z4 groups. The decomposition of Z4 to Z2 is 
rather straightforward. 
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13.8 general Q^r 

Recall that all of the Qjv elements are written as a'^b'' with m = 0, ■ ■ ■ , N — 1 and /c = 0, 1, 
where = e and 6^ = a^^^. Similarly to Dj^ with = even, there are four singlets 1±± 
and doublets 2^ with k = 1, ■ ■ ■ , N/2 — 1. Tables [33] and [M] show the representations of 
a and b on these representations for N = 4n and = 4n + 2. 

First, we consider the subgroup Z4, which consists of the elements {e, b, 6^, b^}. Obvi- 
ously, there are four singlet representations 1^ for Z4 and the generator b is represented 
as 6 = e'^*'"/^ on 1„. 

When = in, and l+_ of Qat correspond to Iq of Z4 and 1_+ and 1 of Qjy 

correspond to I2 of Z4. The doublets 2^ of Qn, {xi,X2) decompose to two singlets as 
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(iV = 4n + 2) 
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Table 34: Representations of Qn ioi N = An + 2 



li : {xi — 1x2) and I3 : (xi + ix2)- These results are summarized as follows, 

Qn 1++ 1+ 1+ 1 — 2fc 

i i i i i . (394) 

Za Iq Iq I2 I2 li + 13 



When = 4n + 2, 1++, l+_, 1_+ and 1 of Qn correspond to Iq, li, I2 and I3 of 

Z4, respectively. The decompositions of doublets 2^ are the same as those for N = 4n. 
Then, these results are summarized as follows. 
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• Qn — ^ Zn 

Next, we consider the subgroup Zn, which consist of the elements {e, a, ■ ■ ■ ,a^~^}. 
Obviously it is the normal subgroups oi Qn and there are N types of irreducible singlet 
representations Iq, li, ■ ■ ■ , Itv-i- On the singlet of Zn, the generator a is represented 

as a = p"^. The singlets, 1++ and 1 of Qat correspond to Iq of Zn and the singlets l+_ 

and 1_+ of Qn correspond to In/2 of Zn- The doublets 2^, {xi.x^), of Qn decompose to 
two singlets as 1^ : Xi and In-u '■ ^2- These results are summarizes as follows, 

Qn 1++ 1+- 1-+ 1 — 2fc 

i i i i i • (396) 

Z2 lo I7V/2 '^N/2 lo Ifc + lAf-fc 



• Qn — ^ Qm 

We consider the Qm subgroup, where M is a divisor of A^. We denote a = with 
i = N/M, where i = integer. The subgroup Qm consists of a"^b^ with m = 0, ■ ■ ■ , M — 1 
and k = 0,1. There are three combinations of (A^, M), i.e. {N, M) = (4n, 4m), (4n, 4m+2) 
and {An + 2,4m + 2). 

We start with the combination {N,M) = [An, 4m), where i = N/M can be even or 
odd. Recall that (ah) oi Qn is represented as a6 = 1 on and a6 = — 1 on 1±_. Thus, 
the representations of {a^b) depend on whether i is even or odd. When i is odd, {ab) and 
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(a^b) are represented in the same way as on each of the above singlets. On the other hand, 
when £ = even, we always have the singlet representations with = 1. The doublets 
2k of Qn correspond to the doublets 2^/ of Qm when k = k' (mod M). In addition, 
when k = —k' (mod M), doublets 2^ {xi,X2) oi Qn correspond to the doublets 2M~k' 
(x2,xi) of Qm- Furthermore, other doublets 2^ of Qn decompose to two singlets of Qm 

as l+_ + with : X1 + X2 and 1_+ : X1 — X2 for k = (M/2) (mod M) and 1++ + 1 

with : Xi + X2 and 1 : Xi — X2 for k = (mod M). These results are summarized 

as follows. 
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(397) 

where k' is integer. 

Next we consider the case with (A^, M) = [An, 4m+2), where i must be even. Similarly 

to the above case with i = even, the singlets 1-+ and 1 of Qn correspond 

to 1 and 1 of Qm- The results on decompositions of doublets are also the 

same as the above case with [N, M) = [An, 4m) and i = N/M = even. These results are 
summarized as follows, 

{N = An) Qn 1++ 1+- 1-+ 1— 2 

k+Mk' "^Mk'-k 2M(-2fc'+i) "^Mk' 

(M = 4m + 2) ill; i i i 

(£ = even) Qm 1++ 1++ 1— 1— 2^ 2M-k 1+- + 1-+ !++ + !__ 

(398) 

where k' is integer. 

Next, we consider the case with (A^, M) = [An + 2, 4m + 2), where £ must be odd. In 
this case, the results on decompositions are the same as the case with (A^, M) = [An, Am) 
and i = N/M = odd. These results are summarized as follows, 

(Ar = 4n + 2) Qn 1++ 1-+ 1+- 1 "^k+Mk' "^Mk'-k '^M.^2k' + 1) "^Mk' 

(M = 4m + 2) iiii i i ; 

(£ = odd) Qm 1++ 1-+ 1+- 1— 2fc 2M^k + + 

(399) 

where k' = integer. 

13.9 general E(2iV2) 

Recall that all of the S(2A^^) elements are written by h^a'^a''^ with /c = 0, 1 and m,n = 
0, 1, ■ ■ ■ , A^— 1. The generators, a, a' and b, satisfy = a'^ = 6^ = e, aa' = a' a and bab = 
a', that is, a, a' and b correspond to Zn, Z'^ and Z2 of {Zn x Z'^) xi Z2, respectively. Table 
|35] shows the representations of these generators on each representation. The number of 
doublets 2p^q is equal to A^(A^ — l)/2 with the relation p > q. 
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Table 35: Representations of S(2A^^) 

• E(2Ar2) -> ^2 

The subgroup Z2 consists of the elements {e,6}. There are two singlet representa- 
tions lo, li for Z2 and the generator h is represented as 6 = (—1)"* on !„• Then, each 
representation of S(2iV^) is decomposed as 



S(2iV2) ^^^^ 2 

i i i , (400) 

2^2 lo ll lo + ll 

where the components of doublets (xi,X2) correspond to Iq : (xi +X2) and li : (xi — X2). 
• S(2A^2) ^ X 

The subgroup Zj^ x Zjy consists of the elements aP^a'^ with m, n = 0, ■ ■ ■ , — 1. 
Obviously it is the normal subgroups of S(2iV^). There are A^^ singlet representations 
lm,n and the generators a and a' are represented as a = p*" and a' = p" on lm,n- Then, 
each representation of S(2A^^) is decomposed as 

E(2A^^) l+„ 1_„ 2e^rn 

i i i ■ (401) 

Zn X In.n In.n l^,m + Im/ 



• S(2Ar2) ^ 

We consider as a subgroup of S(2A^^). We denote a = a~^a'. Then, the subgroup 
Dn consists of the elements aJ^b'' with A; = 0, 1 and m = 0, ■ ■ ■ , — 1. Table [36] shows 
the representations of the generators, a and b, on each representation of S(2A^^). 

At first, we consider the case that A^ is even. The doublets 2p^q of S(2A^^) are still 
doublets of Djy except p — q = y. On the other hand, when p — q = the doublets 
decompose to two singlets of D^. Then, each representation of E(2A^^) is decomposed as 

E(2A^^) 1+n, 1_„ 2q+k',q '^q-k',q — ,(? 

I ; ; i i' . (402) 

Dn 1++ 1— 2k' 2u> 1+- + 1-+ 
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Table 36: Representations of a and h in S(2A^^ 
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Table 37: Representations of a and 6 in S(2A^^) 



Next, we consider the case that is odd. In this case, each representation of S(2A^^) 
is decomposed as 



E(2A'"^) l+„ l_n ^q+k',q '^q-k',q 

Dn 1+ 1- 2fc/ 2]\r_k' 



(403) 



We consider Q^r as a subgroup of S(2A^^) with = even. We denote a = a~^a' and 
b = ba'^/"^. Then, the subgroup Qn consists of a'^ft'"" with m = 0, ■ ■ ■ , — 1 and = 0, 1. 
Table EZI shows the representations of these generators a and b on each representation of 
S(2A^^). Then the singlets of S(2A^^) become singlets of Qat as follows 



S(2iV2^ 1 
Qn 



+n n 
i i 

1 , (n : even) 

(n : odd) 



(404) 



The decompositions of doublets are obtained in a way similar to the decomposition, 
S(2A^2) ^ Djv, as follows. 



Qn 2fc/ l+_ + 1__ 



(405) 



S(2A^2) ^ e(2M2 
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Table 38: Representations of a, a' and h in S(2A^^) 

We consider the subgroup E(2M^), where M is a divisor of N . We denote a = and 
a! = a'^ with £ = N/M, where i = integer. The subgroup S(2M^) consists of h^aP^a!^ 
with /c = 0, 1 and m,n = 0, ■ ■ ■ ,M — 1. Table [38] shows the representations of a, a' 
and 6 on each representation of S(2A^^). Then, representations of E(2A^^) correspond to 
representations of S(2M^) as follows, 

S(2A^^) 1_„ 2p_|_Afn,(j+Mn' 

i ; ; , (406) 

S(2m2) l+„ 1_„ 2p,, 

where n, n' are integers. 
13.10 E(32) 

The S(32) group includes subgroups, Z^4, and S(8) as well as Abelian groups, as shown 
in the previous section. In addition, the S(32) group includes the subgroup, which has 
not been studied in the previous sections. It is useful to construct a discrete group as a 
subgroup of known groups, as explained in section [10], where the example T7 was shown. 
Here, we show another example (Z4 x Z2) xi as a subgroup of S(32) ~ (Z4 x Z4) x Z2. 

All of the S(32) elements are written by b^a"^a'"' with A; = 0, 1 and m, = 0, 1, 2, 3. 
The generators, a, a' and b, satisfy = a"^ = 6^ = e, aa' = a'a and bab = a'. Here we 
define a = aa' and a' = a^, where = e and a'^ = e. Then, the elements b^aJ^a'"' with 
/c,n = 0, 1 and m = 0, 1,2,3 construct a closed subalgebra, i.e. (Z4 x Z2) x Z2. It has 
ten conjugacy classes and eight singlets, l^o, lii, 1±2 and 1±3, and two doublets, 2i and 
These conjugacy classes and characters are shown in Table [33 From this table, we 
can find decompositions of S(32) representations to representation of (Z4 x Z2) x Z2 as 
follows, 



S(32) l±o,±i,±2,±3 2i 0, 23^2 23 0,22,1 2 



2,0 -^3,1 



(Z4 X Z2) X ^2 1±0,±1,±0,±1 2i 22 1+3 + 1-3 1+2 + 1- 



(407) 
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h 




X±i 


X±2 


X±3 


X2i 


X22 


Ci: 


r 1 

{e}, 


-1 

1 


1 


-1 

1 


-1 

1 


1 


2 


2 




1"" J; 


A 

Hi 


1 


— 1 


1 


— 1 


2z 


— 2z 




{a25'2}, 


2 


1 
1 


1 
1 


1 
1 


1 
1 


9 


9 






4 


1 


-1 


1 


-1 


-2i 


2i 




{b, bd^d'^}, 


2 


±1 


±1 


±1 


±1 










{bdd', bd^d'^}, 


4 


±1 


Tl 


±1 


Tl 










{bd^bd'''}, 


4 


±1 


Tl 


Tl 


±1 










{bdd'^, bd^d'}, 


2 


±1 


±1 


Tl 


Tl 










: {d^d'^}, 


2 


1 


-1 


-1 


1 










: {dd'^,d^d'}, 


2 


1 


1 


-1 


-1 









Table 39: Conjugacy classes and characters of (Z4 x Z2) x 





Ifc 


3[fc][£] 






/ \ 


a 


1 


p'^ 






\ p~^-^ / 






/ p-'^-' \ 


a' 


1 


p^ 






\ Op''/ 








b 




("■ 






V 1 ; 



Table 40: Representations of a, a' and 6 in A(3A^^) for ^ integer 
13.11 General A{3N^) 

All of the A(3A^^) elements are written by b'^a'^a'^ with k = 0,1,2 and m,n = 0, ■ ■ ■ ,N — 
1, where the generators, b, a and a', correspond to Z3, Zn and Z'^ of {Z^ x Z'^) x 
Z3, respectively. Table HQ] shows the representations of generators, b, a and a' on each 
representation of A(3A^^) for A^/3 7^ integer. Also Table W\\ shows the same for iV/3 = 
integer. 

• A(3iV2) ^ Z3 

The subgroup Z^ consists of {e, 6, 6^}. There are three singlet representations Im with 
m = 0, 1,2 for Z3 and the generator b is represented as = u"^ on Im- When N/3 7^ 
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1 p u u \ 
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\ p-''-^ } 






/ p-'^-^ \ 


a' 




p^ 






\ p^ / 








b 




("°° 






Vi o; 



Table 41: Representations of a, a' and b in A(3A^^) for = integer 
integer, each representation of A(3iV^) is decomposed as 

i i 

Ifc I0 + I1 + I2 



(408) 



On the other hand, when A^/3 = integer, each representation of A(3iV^) is decomposed 

as 

(409) 



A(3A^ ) lk,i 3[fc][^] 
i i 
Z3 Ik lo + li + I2 



In both cases, the triplet components {xi,X2,xs) of A(3A^^) are decomposed to singlets 
of Z3 as lo : Xi + X2 + 0:3, li : Xi + a;^X2 + ux-s and I2 : Xi + 00x2 + w^Xg. 



A(3iV2) ^ X Z 



The subgroup Zn x Ztv consists of {a"^a'"'} with m, n = 0, 1, ■ ■ ■ iV — 1. There are A^^ 
singlet representations lm,n and the generators a and a' are represented as a = and 
a' = p" on lm,n- When A^/3 7^ integer, each representation of A(3A^^) is decomposed as 



A(3iV2) U 

i I 

Zn X Z]\f lo,o l£,-fc-£ + Ifc,^ + l-fc-£,fc 

In addition, when A^/3 = integer, we have the following decompositions 

A(3A^^) lk,e 3[fe][£] 

i i 
Zn X Z]\f lNi/3,Ne/3 '^e-k-e + lfc,£ + l-fc-^,fc 



(410) 



(411) 



A(3iV2) ^ a(3M2 
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Lfc,£ 



pi 




»[fc][£] 








Q p~p(k+e) 








pi 





Table 42: Representations of a, a' and h in A(3A^^) for = integer 








mil] 












Q p-p{k+l) 



-p[k+l) q" 



a' 











Table 43: Representations of a, a' and b in A(3A^^) for A^/3 ^ integer 



We consider the subgroup A(3M^), where M is a divisor of A^. We denote a = aF and 
= a'^ with p = N/M, where p = integer. The subgroup A(3M^) consists of 



k ~m^/n 

a! and 



with = 0, 1, 2 and m, n = 0, ■ ■ ■ , M — 1. Table shows the representations of a, 
h on each representation of A(3iV^) for iV/3 = integer. In addition, Table H3l shows the 
representations of a, a' and on each representation of A(3A^^) for A^/3 ^ integer. There 
are three types of combinations (A^, M), i.e. (1) both A^/3 and M/3 are integers, (2) A^/3 
is integer, but M/3 is not integer, (3) either A^/3 or M/3 is not integer. 

When both A^/3 and M/3 are integers, each representation of A(3A^^) is decomposed 
to representations of A(3M^) as follows. 



A(3Ar2) 
A(3M2) 



Lfc/ ^[k+Mn\[l+Mn'] 



i 
'^k,pl 



i 



where n and n' are integers. 

Next we consider the case that A^/3 = integer and M/3 ^ integer, where p 



(412) 



N/M 



100 



-10 
1 
0-1 



■1 









-1 
1 



id 




Table 44: Representations of a, a' and b in A (12) 

must be 3n. In this case, each representation of A(3A^^) is decomposed to representations 
of A(3M2) as follows, 

A(3A^^) lk,e ^[k+Mn][e+Mn'] 

I i , (413) 

A(3M2) U. 3[km 

where n and n' are integers. 

The last case is that either A^/3 or M/3 is not integer. In this case, each representation 
of A(3A^^) is decomposed to representations of A(3M^) as follows, 

A(3A^^) Ifc 3[fc+Mn][£+Mn'] 

; ; , (414) 

A(3M2) U 3[km 

where n and n' are integers. 
13.12 ^4 

The A4 group is isomorphic to A(12). Here, we apply the above generic results to the 
group. All of the A(12) elements are written by b^aJ^a'^ with /c = 0, 1, 2 and m, n = 0, 1. 
Table IH] shows the representations of generators a, a' and b on each representation. 

• ^ 

The Z3 group consists of {e, 6, 6^}. Each representation of A(12) is decomposed as 

A4~A(12) Ifc 3 

i i . (415) 

Z3 Ik I0 + I1 + I2 

Decomposition of triplet (xi, 0:2, 2:3) is obtained as 1q : Xi + X2 + x^, li : Xi+ uj'^X2 + 0^X3 
and I2 : Xi + UJX2 + u'^x^. 
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Table 45: Representations of a and h in T7 



• — )■ Z2 X Z2 

The subgroup x consists of {e,a,o! ,aa!^. Each representation of A(12) is de- 
composed as 

~ A(12) Ifc 3 

; ; . (416) 

Z2 X Z2 lo,o li,i + lo,i + li,o 



13.13 T' 



7 



All of the T7 elements are written as \PdP' with m = 0,1,2 and n = 0, ■ ■ ■ , 6, where 
= e and = e. Table HS] shows the representation of generators a and b on each 
representation of T7. 



• T7 — 7- Z3 

The subgroup Z3 consists of {e, 6, 6^}. The three singlet representations Im of Z3 with 
m = 0,1,2 are specified such that b = on Im- Then, each representation of Tj is 
decomposed as 

T7 lo ll I2 3 3 

ill ; ; • (417) 

Zs lo ll I2 I0 + I1 + I2 I0 + I1 + I2 

Here the T7 triplet 3 : (xi, 2:2, 0:3) decomposes to three singlets, Iq + li + I2, and their 
components correspond to 

Iq : X + y + z, li : x + u'^y + uz, I2 : x + uy + u'^z. (418) 



• T7 — 7- Z7 

The subgroup Zj consists of a" with n = 0, ■ ■ ■ ,6. The seven singlets Im of Z7 with 

m = 0, • ■ ■ , 6 are specified such that 6 = on l„j. Then, each representation of T7 is 
decomposed as 

Iq ll I2 3 3 

ill ; i • (419) 

Z3 lo Iq lo I1 + I2 + I4 I3 + I5 + I6 
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Table 46: Representations of a, a', a" and 6 in S(81) 

13.14 S(81) 

All of the S(81) elements are written as h^a^a'"^a"^ with k, £,771,11 = 0, 1,2, where these 
generators satisfy = a'^ = a"^ = 1, ad = a'a, aa" = a"a, a"a' = a'a", = 1, 
b'^ab = a", b'^a'b = a and b'^a"b = a'. Table 146) shows the representations of generators, b, 
a, a' and a" on each representation of S(81). 

• S(81) ^ Z3 X Zs X Zs 

The subgroup Z3XZ3X Z3 consists of {e, a, a?, 0! , a'^, a", a"^, ■ ■ ■ }. There are 3^ singlets 
lfc,^,m of Z3 X Z3 X Z3 and the generators, a, a' and a", are represented on lfc,f,m as a = w'^. 
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a' = and a" = w"*. Then, each representation of S(81) is decomposed as follows, 

S(81) ll 3 a Sb 

Z3 X Z3 X Z3 lk,k,k ll,0,0 + lo,l,0 + lo,0,l l2,l,l + ll,2,l + ll,l,2 



S(81) 



3c 

; 

lo,2,2 + l2,0,2 + l2,2,0 



i 

l2,l,0 + lo,2,l + ll,0,2 



S(81) 



X X 



3a 

; 

l2,0,0 + lo,2,0 + lo,0,2 



3b 

; 

ll,2,2 + l2,l,2 + l2,2,l 



(420) 



S(81) 



X X 1 



0,1,1 



3c 

1-1,0,1 



Ll,l,0 



ll 



2,0 



3d 

; 

1-0,1,2 



1-2,0.1 



• S(81) ^ A(27) 

The subgroup A(27) consists of b^d"^d'"-, where a = a^a" and a' = a'a""^. Table liTl 
shows the representations of the generators, b, a and a' on each representation of S(81). 
Then, each representation of S(81) is decomposed to representations of A(27) as 

S(81) 1^ Za 3b 3c 3d 

4^ 4^ 4^ \r 7 

^(27) li^Q 3[o][l] 3[o][l] 3[o][l] lo,2 + ll,2 + l2,2 



S(81) Za 
A(27) 3[o][2] 



3b 

i 

3[0][2] 



3c 

i 

3[0][2] 



1-0,1 



3d 

i 

li,i 



(421) 



L2,l 



13.15 A(54) 

All of the A(54) elements are written as h^c^oJ^d^ with k,m,n = 0,1,2 and i = 0,1. 
Here, the generators a and a' correspond to Z3 and Z3 of (Z3 x Zg) x 6*3, respectively, 
while 6 and c correspond to Z3 and Z2 in 6*3 of (Z3 x Zg) x 5*3, respectively. Table B8l 
shows the representations of generators, 6, c, a and a' on each representation of A (54). 

• A(54) ^ ^3 X Z3 
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Table 47: Representations of b, a and a' of A(27) in S(81) 
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w^fc 
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/ 1 \ 

\ cu^ \ 

\ u;2/cy 


/ 1 \ 
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\ w^fcy 
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1 
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/ 1 \ 

10 
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Table 48: Representations of a, a' , b and c in A(54) 



The A (54) group includes 5*3 x Z3 as a subgroup. The subgroup S3 consists of 
{e,b,c,b^,bc,b'^c}. The Z3 part of S3 x Z3 consists of {e,aa''^,a'^a'}, where (aa'^)^ = e 
and the element aa'^ commutes with all of the S3 elements. Representations, r^, for 
S3 X Z3 are specified by representations r of S3 and the Z3 charge k, where r = 1, 1', 2 
and /c = 0, 1, 2. That is, the element aa'^ is represented as aa'^ = cu*^ on for /c = 0, 1, 2. 
For the decomposition of A (54) to S3 x Z3, it would be convenient to use the basis for 
5*3 representations, 1, 1' and 2, which is shown in Table HHl Then, each representation of 
A (54) is decomposed to representations of 5*3 x Z3 as follows, 

A(54) 1+ 1_ 2i 22 23 24 3i(fc) 32(fc) 

liiii ; i i, (422) 

>S'3 lo I'o 2o 2o 2o lo + I'o Ifc + 2a,. 1'^ + 2^ 

for A; = 1,2. Components of 5*3 doublets and singlets obtained from A (54) triplets are 



105 





1 


1' 


2 


b 


1 


1 


( 


' CO ' 
^ 


) 


c 


1 


-1 




CO 





Table 49: Representations of b and c of 6*3 in A (54) 





1+ 


1_ 


2i 
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Table 50: Representations of b, a and a' of S(18) in A(54) 



the same ones as considered in the decomposition for 5*4 — j- S'3. 
• A(54) ^ S(18) 

We consider the subgroup S(18), which consists of b^aJ^a'^ with £ = 0, 1 and m,n = 
0, 1, 2, where b = c and a = a? . Table [5U1 shows the representations of the generators, a, a' 
and b on each representation of A (54). Then, each representation of A (54) is decomposed 
to representations of S(18) as follows, 

A(54) 1+ 1_ 2i 22 23 24 3i(fc) 32(fc) 

iiiiii ; i. (423) 

S(18) 1+0 1-0 2o,o 22,1 2i^2 2i^2 l+fc + 2o,2/c 1-fc + 22fc,o 

The decomposition of triplet components is obtained as follows. 



Xi 



Ji(fe) 




X2 I ^ (X2)l,, ' ^ (^2)l_. © f ) . (424) 



• A(54) ^ A(27) 

We consider the subgroup A(27), which consists of b^a^a'"^ with k,m,n = 0, 1,2. By 
use of Table HH it is found that each representation of A(54) is decomposed to represen- 
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tations of A(27) as follows, 

A(54) 1+ 1_ 2i 22 23 24 3i(fc) 32(fe) 

ill ; i ill. (425) 

^(27) lo,0 lo,0 ll,0 + l2,0 ll,l + l2,2 ll,2 + '^2,1 lo,2 + lo,l 3[o][fc] 3[o][fc] 



107 



14 Anomalies 



14.1 Generic aspects 

In section [151 some phenomenological applications of non-Abelian discrete symmetries are 
shown as flavor symmetries. In general, symmetries at the tree-level can be broken by 
quantum effects, i.e. anomalies. Anomalies of continuous symmetries, in particular gauge 
symmetries, have been studied well. Here we review about anomalies of non-Abelian 
discrete symmetries. For our purpose, the path integral approach is convenient. Thus, 
we use Fujikawa's method |213[ 1214] to derive anomalies of discrete symmetries. (See e.g. 
Ref. pro] .) 

Let us consider a gauge theory with a (non-Abelian) gauge group Gg and a set of 
fermions \1/ = ■ ■ ■ ^ip^'^^]. Then, we assume that their Lagrangian is invariant under 
the following chiral transformation, 

*(x) -> f/*(x), (426) 

with U = exp^iaPi) and a = a^T4, where T4 denote the generators of the transformation 
and Pl is the left-chiral projector. Here, the above transformation is not necessary a gauge 
transformation. The fermions \l/(x) are the (irreducible) M-plet representation R^"^ . For 
the moment, we suppose that \l/(a;) correspond to a (non-trivial) singlet under the flavor 
symmetry while they correspond to the R'^ representation under the gauge group Gg. 
Since the generator T4 as well as a is represented on R'^^ as a (M x M) matrix, we use 
the notation, Ta{R^'^) and a{R^'^) = a^TA{R^^). 

The anomaly appears in Fujikawa's method from the transformation of the path inte- 
gral measure as the Jacobian, J(a), i.e., 

V^V^ V<i/V^J{a), (427) 

where 

.W^e.p(./.'.^,.,„)). (428) 
The anomaly function A decomposes into a gauge part and a gravitational part |215[ I216[ 

m 

A '^gauge ~t" -^grav • (429) 



The gauge part is given by 



Aaugc(a;;«) = -^Tr aiR^') F'^-'ix) F^,{x) , (430) 



where F'^'^ denotes the field strength of the gauge fields, F^^, = [Z^^, D,^], and denotes 
its dual, F^'^ = e'^'^'"^Fp„. The trace 'Tr' runs over all internal indices. When the trans- 
formation corresponds to a continuous symmetry, this anomaly can be calculated by the 
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triangle diagram with external lines of two gauge bosons and one current corresponding 
to the symmetry for Eq. (14261) . 

Similarly, the gravitation part is obtained as |215[ I216[ 1217] 

Arav = ' (431) 

where 'tr' is the trace for the matrix (M x M) Ta{R^^)- The contribution of a single 
Weyl fermion to the gravitational anomaly is given by [215[ I216[ I217j 

1 1 

jWcylfcrmion _ _ c-Mi'Po" R A7p , 

■^grav 3847r^ 2 -"'PO-A7 • l^^^J 

When other sets of Mj-plet fermions "if Mi sue included in a theory, the total gauge and 
gravity anomalies are obtained as their summations, -^gauge and ^^^^ -^.grav 

For the evaluation of these anomalies, it is useful to recall the index theorems [21511216] . 
which imply 

d'x^e^'"'-F;:,FXtT[tat,] e Z, (433a) 

I J "^'"^ 38i^ I '"^''^ ^"^'^ ^""'^ ^ ^ ' ^^^^^^ 

where are generators of Gg in the fundamental representation. We use the convention 
that tr[tatb] = The factor | in Eq. (1433bp follows from Rohlin's theorem |218] . 

as discussed in |2U3] . Of course, these indices are independent of each other. The path 
integral includes all possible configurations corresponding to different index numbers. 

First of all, we study anomalies of the continuous t/(l) symmetry. We consider a theory 
with a (non-Abelian) gauge symmetry Gg as well as the continuous symmetry, which 
may be gauged. This theory include fermions with t/(l) charges, q^^^ and representations 
Those anomalies vanish if and only if the Jacobian is trivial, i.e. J [a) = 1 for 
an arbitrary value of a. Using the index theorems, one can find that the anomaly-free 
conditions require 

Au(i)-G,-G, = 5^g(^)T2(i2(^)) = 0, (434) 
for the mixed U{1) — Gg — Gg anomaly, and 

^;7(l)-grav-grav = ^ Q^^^ = 0, (435) 

/ 

for the t/(l)-gravity-gravity anomaly. Here, T2{R^^^) is the Dynkin index of the 
representation, i.e. 

tr [t, [R^f^) t, = SMR^f'^) . (436) 

Next, let us study anomalies of the Abelian discrete symmetry, i.e. the Z^r symmetry. 
For the Z^v symmetry, we write a = 2'kQ]^/N , where Qat is the Zj^ charge operator and 



109 



its eigenvalues are integers. Here we denote Zn charges of fermions as q)^ . Then we can 
evaluate the Z]^ — Gg — Gg and Z^r-gravity- gravity anomalies as the above U{1) anomalies. 
However, the important difference is that a takes a discrete value. Then, the anomaly-free 
conditions, i.e., J {a) = 1 for a discrete transformation, require 

Az^-Gg-Gg = ^5^g(^)-(2T2(i2(^))) 6Z, (437) 
for the Z]y — Gg — Gg anomaly, and 

^Z^-grav-grav = ^ J] gjf^im G Z , (438) 

/ 

for the Z^r-gravity-gravity anomaly. These anomaly-free conditions reduce to 

^q-p T2{R^f'^) = modA^/2, (439a) 

q'}{^ dim R^^'^ = mod N/2 . (439b) 

/ 

Note that the Z2 symmetry is always free from the Z2-gravity-gravity anomaly. 

Finally, we study anomalies of non-Abelian discrete symmetries G \208\ 1210] . A dis- 
crete group G consists of the finite number of elements, Qi. Hence, the non-Abelian 
discrete symmetry is anomaly-free if and only if the Jacobian is vanishing for the trans- 
formation corresponding to each element Qi. Furthermore, recall that {gi)^"- = 1. That is, 
each element Qi in the non-Abelian discrete group generates a Z^i symmetry. Thus, the 
analysis on non-Abelian discrete anomalies reduces to one on Abelian discrete anomalies. 

One can take the field basis such that Qi is represented in a diagonal form. In such a 

( f\ 

basis, each field has a definite Z^. charge, q}^ . The anomaly- free conditions for the gi 
transformation are written as 

J2(1n-T2{R^^^) = modiV,/2, (440a) 
dimi?(-^) = mod iVi/2 . (440b) 

/ 

If these conditions are satisfied for all of Qi G G, there are no anomalies of the full non- 
Abelian symmetry G. Otherwise, the non-Abelian symmetry is broken completely or 
partially to its subgroup by quantum effects. 

In principle, we can investigate anomalies of non-Abelian discrete symmetries G fol- 
lowing the above procedure. However, we give a practically simpler way to analyze those 
anomalies |2081I210] . Here, we consider again the transformation similar to (1426^ for a set 
of fermions = [tp^^\ ■ ■ ■ , ■?/;(*'^'^")], which correspond to the R^^^ irreducible representation 
of the gauge group Gg and the r" irreducible representation of the non-Abelian discrete 



110 



symmetry G with the dimension d^- Let U correspond to one of group elements gi G G, 
which is represented by the matrix Da{gi) on r". Then, the Jacobian is proportional to its 
determinant, det D{gi). Thus, the representations with det Da{gi) = 1 do not contribute 
to anomalies. Therefore, the non-trivial Jacobian, i.e. anomalies are originated from rep- 
resentations with det Da{gi) 7^ 1. Note that det Da{gi) = det Da{ggig~^) for g E G, that 
is, the determinant is constant in a conjugacy class. Thus, it would be useful to calculate 
the determinants of elements on each irreducible representation. Such a determinant for 
the conjugacy class Gi can be written by 

det(a)„ = e^^^^^/^\ (441) 

on the irreducible representation r". Note that Ni is a divisor of Ni, where Ni is the order 
of gi in the i.e. 5f^' = e, such that q'^ are normalized to be integers 

for all of the irreducible representations r". We consider the symmetries and their 
anomalies. Then, we obtain the anomaly- free conditions similar to fl440p . That is, the 
anomaly- free conditions for the conjugacy classes Gi are written as 

qf^^T2{R^^^) = mod7Vi/2, (442a) 
^gj^-^^ dimil(^) = mod iVi/2 , (442b) 

a-/ 

for the theory including fermions with the R^^^ representations of the gauge group Gg and 
the r'^^f^ representations of the flavor group G, which correspond to the Z^. charges, q'^'^^ ■ 
Note that the fermion fields with the da-dimensional representation r'^ contribute to these 
anomalies, g^^^ T2(i2(^)) and g"^^^ dimi?(-^), but not c/„g"/^^ r2(i?(-^)) and d^q^^^^ dimR^^l 
If these conditions are satisfied for all of conjugacy classes of G, the full non-Abelian sym- 
metry G is free from anomalies. Otherwise, the non-Abelian symmetry is broken by 
quantum effects. As we will see below, in concrete examples, the above anomaly-free 
conditions often lead to the same conditions between different conjugacy classes. Note, 
when Ni = 2, the symmetry is always free from the mixed gravitational anomalies. We 
study explicitly more for concrete groups in what follows. 

14.2 Explicit calculations 

Here, we apply the above studies on anomalies for concrete groups. 
• S3 

We start with 5*3. As shown in section |3TT| the Ss group has the three conjugacy classes, 
Gi = {e}, G2 = {ab,ba} and C3 = {a,b,bab}, and three irreducible representations, 1, 1' 
and 2. Note that the determinants of elements are constant in a conjugacy class. The 
determinants of elements in singlet representations are equal to characters. Obviously, 
the determinants of elements in a trivial singlet representation 1 are always equal to 1. 
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Table 51: Determinants on 5*3 representations 

On the doublet representation 2, the determinants of representation matrices in Ci, C2 
and C3 are obtained as 1, 1 and —1, respectively. These determinants are shown in Table 

EI 

From these results, it is found that only the conjugacy class C3 is relevant to anomalies 
and the only Z2 symmetry can be anomalous. Under such a Z2 symmetry, the trivial 
singlet has vanishing Z2 charge, while the other representations, 1' and 2 have the Z2 
charges q2 = I, that is, 

Z2 even : 1, 

Zaodd : 1', 2. (443) 

Thus, the anomaly-free conditions for the Z2 — Gg — Gg mixed anomaly (1442 p are written 

as 

J2 Yl T2{R^^^) + T2{R^^^) = mod 1 . (444) 

1' RU) 2 RU) 

Note that a doublet 2 contributes on the anomaly coefficient by not 2T2{R^-^^) but 
T2{R^'^^), which is the same as 1'. To show this explicitly, we have written the sum- 
mations on 1' and 2 separately. 

• S4 

Similarly, we can study anomalies of 5*4. As seen in section 3.2, the S4 group has five 
the conjugacy classes, Ci, C3, Cq, C'q and Gg and the five irreducible representations, 1, 
1', 2, 3 and 3'. The determinants of group elements in each representation are shown in 
Table [521 These results imply that only the Z2 symmetry can be anomalous. Under such 
a Z2 symmetry, each representation has the following behaviors, 

Z2 even : 1, 3', 

Z2 odd : 1', 2, 3. (445) 

Then, the anomaly-free conditions for the Z2 — Gg — Gg mixed anomaly fl44UI) are written 

as 

J] J]r2(i?(^)) + J] J] r2(i2(^)) + J] J] T2(i?(^)) = modi. (446) 

1' R(f) 2 Rif) 3 R{f) 
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Table 52: Determinants on 5*4 representations 
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Table 53: Determinants on A4 representations 

• A4 

We study anomalies of As shown in section I4.H there are four conjugacy classes, 
Ci, C3, C4 and C4, and four irreducible representations, 1, 1', 1" and 3. The determinants 
of group elements in each representation are shown in Table |53| where to = e^'^*/^. These 
results imply that only the Z3 symmetry can be anomalous. Under such a Z3 symmetry, 
each representation has the following charge ^3, 



(447) 



This corresponds to the Z3 symmetry for the conjugacy class C4. There is another Z3 
symmetry for the conjugacy class C4, but it is not independent of the former Z3. Then, 
the anomaly-free conditions are written as 

^^T2(J2(^)) + 2^^ T2(J?(^)) = mod 3/2, (448) 

1' R(f) 1" R(f) 

for the Z^ — Gg — Gg anomaly and 

J2 Yl ^™ ^^^^ + 2 XI 5Z ^™ ^^^^ = ° 2 /2 ' "^^^^^ 

1' R(f) 1" R(f) 

for the Zs-gravity-gravity anomaly. 
• A5 
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Table 54: Determinants on representations 

We study anomalies of A^. As shown in section there are five conjugacy classes, 
(71,(715,(720,(^12 and C[2, and five irreducible representations, 1,3, 3', 4 and 5. The de- 
terminants of group elements in each representation are shown in Table ESI That is, the 
determinants of all the A^ elements are equal to one on any representation. This result 
can be understood as follows. All of the A^ elements are written by products of s = a and 
t = hah. The generators, s and t, are written as real matrices on all of representations, 

1, 3, 3', 4 and 5. Thus, it is found det(t) = 1, because = e. Similarly, since = 6^ = e, 
the possible values are obtained as det(s) = ±1 and det(6) = u'' with k = 0, 1,2. By 
imposing det{hah) = det(t) = 1, we find det(s) = det(6) = 1. Thus, it is found that 
det{g) = 1 for all of the A^ elements on any representation. Therefore, the Ar, symmetry 
is always anomaly-free. 

• T' 

We study anomalies of T'. As shown in section [5], the T' group has seven conjugacy 
classes, Ci, C[, C4, (^4, C4, C'l' and Cq, and seven irreducible representations, 1, 1', 1", 

2, 2', 2" and 3. The determinants of group elements on each representation are shown in 
Table [S3 These results imply that only the Z-^ symmetry can be anomalous. Under such 
a Z3 symmetry, each representation has the following Z3 charge q^, 

93 = : 1, 2, 3, 

93 = 1 : 1', 2", (450) 
93 = 2 : 1" 2'. 

This corresponds to the symmetry for the conjugacy class C4. There is other Z^ 
symmetries for the conjugacy classes C!^, C'l and C4', but those are not independent of 
the former Z3. Then, the anomaly-free conditions are written as 

V R(f) 1" R(f) 2" R(f) 

+ 2^^ T2(i2(^)) = mod 3/2, (451) 

2' Rif) 
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Table 55: Determinants on T' representations 



for the Z3 — Gg — Gg anomaly and 

^™ ^^^^ + 2 E E ^™ ^^^^ + E E ^™ ^^^^ 

1' J?(/) 1" 2" J?(/) 

+ 2 ^ dim = mod 3/2 , (452) 

2' 

for the Zs-gravity-gravity anomaly. 
• Dn (N =even) 

We study anomalies of with = even. As shown in section |6l the group with 
= even has the four singlets 1±± and (A^/2 — 1) doublets 2^. All of the Dn elements can 
be written as products of two elements, a and b. Their determinants on 2^ are obtained 
as det(a) = 1 and det(fe) = — 1. Similarly, we can obtain determinants of a and b on four 
singlets, 1±±. Indeed, four singlets are classified by values of det(6) and det(a6), that is, 
det(6) = 1 for l+±, det(6) = —1 for det(a6) = 1 for and det(a6) = —1 for 
Thus, the determinants of b and ab are essential for anomalies. Those determinants are 
summarized in Table [561 This implies that two Z2 symmetries can be anomalous. One 
Z2 corresponds to b and the other Z2 corresponds to ab. Under these Z2 x Z2 symmetry, 
each representation has the following behavior, 

Z2 even : 

Zaodd : 1_±, 2k, (453) 



Z2 even : 

Z'^ odd : 2fc. (454) 



Then, the anomaly-free conditions are written as 



5^^T2(i?(^)) + ^5^ T2(i?(^)) = modi, (455) 

l-± R(f) 2fe R(f) 
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Table 56: Determinants on Dn representations for = even 
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Table 57: Determinants on Dn representations for = odd 

for the Z2 — Gg — Gg anomaly and 

J2J2T2iR^-f^) + J2J2T2{R^f^) = modi, (456) 

for the Z2 — Gg — Gg anomaly. 

• Dn (N =odd) 

Similarly, we study anomalies oi with = odd. As shown in section [6l the 
group with A^ = odd has the two singlets l-t and (A^ — l)/2 doublets 2^. Similarly to D]^ 
with A^ = even, all elements of with A^ = odd are written by products of two elements, 
a and h. The determinants of a are obtained as det(a) = 1 on all of representations, 1± 
and 2fc. The determinants of h are obtained as detfe = 1 on 1+ and det(6) = —1 on 1_ 
and 2fc. These are shown in Table [571 Thus, only the Z2 symmetry corresponding to 
h can be anomalous. Under such a Z2 symmetry, each representation has the following 
behavior, 

Z2 even : 1+, 

Zsodd : 1_, 2fc. (457) 
Then, the anomaly-free condition is written as 

^ ^ T2{R^f^) + 5^ 5^ T2{R^f^) = mod 1 , (458) 

1- R(f) 2fe rU) 

for the Z2 — Gg — Gg anomaly. 

• Qn (N = 4n) 

We study anomalies oi Qn with A^ = An. As shown in section [71 the Qn group with 
A^ = 4?T, has four singlets l-t-t and {N/2 — 1) doublets 2^. All elements oi Qn are written 
by products of a and h. The determinant of a is obtained as det(a) = 1 on all of doublets. 
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Table 58: Determinants on Qtv representations for N/2 = even 



2fc. On the other hand, the determinant of b is obtained as det(6) = 1 on the doublets 
2fc with k = odd and det{b) = —1 on the doublets 2^ with k = even. Similarly to Dj^ 
with = even, the four singlets 1±± are classified by values of det(6) and det(a6), that 
is, det{b) = 1 for l+±, det{b) = —1 for det(6) = 1 for and det(6) = —1 for 
Thus, the determinants of b and ab are essential for anomalies. Those determinants 
are summarized in Table [581 Similarly to Dj^ with N = even, two Z2 symmetries can be 
anomalous. One Z2 corresponds to b and the other corresponds to ab. Under these 
Z2 X Z2 symmetry, each representation has the following behavior, 

Z2 even : 2k= odd, 

ZaOdd : 2fc=even. (459) 



Z^ even : 2^= odd, 

Z^odd : 1±_, 2fc=even. (460) 

Then, the anomaly-free conditions are written as 

5^5^r2(H(^))+ 5Z^2(i2^^^) = modi, (461) 

l-± R(f) 2fe^ even R(f) 

for the Z2 — Gg — Gg anomaly and 

5^^r2(i?(^))+ 5Z^2(i2^^^) = modi, (462) 

1±- J?(/) 2fc= 

even 

for the Z2 — Gg — Gg anomaly. 
• Qn (N = 4n + 2) 

Similarly, we study anomalies oi Qn with = 4n+2. As shown in section [TJ the Qn 
group with A^ = 4?7, + 2 has four singlets 1±± and (A^/2 — 1) doublets 2^. All elements of 
Qn are written by products of a and b. The determinants of a are obtained as det(a) = 1 
on all of doublets, 2^. On the other hand, the determinants of b are obtained as det(6) = 1 
on the doublets 2^ with k = odd and det(6) = — 1 on the doublets 2^ with k = even. For 
all of singlets, it is found that Xa{tt) = Xa{b'^), i-e. det(a) = det(6^). This implies that the 
determinants of b are more essential for anomalies than a. Indeed, the determinants of b 
are obtained as det(6) = 1 on det(6) = z on det(6) = —i on 1_+ and det(6) = — 1 
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Table 59: Determinants on Qat representations for N/2 = odd 

on 1 Those determinants are summarized in Table [591 This result implies that only 

the Z4 symmetry corresponding to b can be anomalous. Under such a Z4 symmetry, each 
representation has the following Z4 charge q^, 



g4 = o 

qi = l 
g4 = 3 



2fc= odd; 

1__, 2fc=even, (463) 



That includes the Z2 symmetry corresponding to a and the Z2 charge q2 for each repre- 
sentation is defined as q2 = q^ mod 2. The anomaly-free conditions are written as 

1+- R(.f) 1— R(.f) 1-+ R(.f) 

+2 ^ ^ T2{R^^^) = mod 2 , (464) 

^fc— even 

for the Z4 — Gg — Gg anomaly and 

J2 E ^™ ^^^^ + 2 5^ 5^ dim + 3 5^ 5^ dim J?(/) 

+2 ^ ^ dim = mod 2 , (465) 

^k— oven 

for the Z4-gravity-gravity anomaly. Similarly, we can obtain the anomaly-free condition 
on the Z2 symmetry corresponding to a as 

5^^T2(i?(^)) + ^5^T2(J2(^)) = modi, (466) 

1+- R(f) 1-+ Rif) 

for the Z2 — Gg — Gg anomaly. 
• S(2N2) 

We study anomalies of S(2A^^). As shown in section |H1 the S(2A^^) group has 2N 
singlets, l±n, and A^(A^ — l)/2 doublets, 2p^g. All elements of S(2iV^) can be written by 
products of a, a' and b. Their determinants for each representation are shown in Table [60} 
where p = e^'^*/^. Then, it is found that only the Z2 symmetry corresponding to b and the 
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Table 60: Determinants on S(2A^^) representations 

Zj\f symmetry corresponding to a can be anomalous. Another Zj^j symmetry corresponding 
to a' is not independent of the Z^r symmetry for a. Under such Z2 symmetry, each 
representation has the following behavior, 

Z2 even : 

Z2odd : 2p,„ (467) 

and under the Zjsr symmetry corresponding to a each representation has the following Z^ 
charge qn, 

Qn = n : l±n, 
qN=p + q : 2^,,. (468) 

Then, the anomaly-free condition is obtained as 

5^5^r2(i2(^)) + ^^T2(i?(^)) = modi, (469) 

for the Z2 — Gg — Gg anomaly. Similarly, the anomaly-free conditions for the Zn symmetry 
are obtained as 

J2 "'^2(-R^-^^) + J2J2^P^ q)T2{R^^^) = mod N/2 , (470) 

l±n R(f) 2p,q 

for the Zn — Gg — Gg anomaly and 

^ ^ n dim R^^^ + ^ ^ (p + g) dim R^^^ = mod N/2 , (471) 

for the Z^r-gravity- gravity anomaly. 
• A(3N2) (N/3 T^integer) 

We study anomalies of A(3A^^) with 7^ integer. As shown in section [9], the 
A(3A^^) group with 7^ integer has three singlets, Iq, li and I2, and (A^^ — l)/3 
triplets, 3[k]ie]- All elements of A(3A^^) can be written by products of a, a' and b. It 
is found that det(a) = det(a') = 1 on all of representations. Thus, these elements are 
irrelevant to anomalies. On the other hand, the determinant of b is obtained as det(6) = 1 
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Table 61: Determinants on A(3A^^) representations 7^ integer 



for all 3[fc][£] and Iq, det(6) = tu for li and det(6) = for I2, with to = e^'^*/'^, as shown in 
Table [61] This implies that only the Z3 symmetry corresponding to b can be anomalous. 
Under such a Z3 symmetry, each representation has the following Z3 charge gs, 



(472) 



Q3 
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lo 


93 


= 1 


ll 


93 


= 2 


12 



Then, the anomaly-free conditions are written as 

$:$:T.(i^(/))+2J:5:T,(i^(/)) 

ll R(f) I2 R(.f) 



mod 3/2 



(473) 



for the Z3 — Gg — Gg anomaly and 



J2 ^™ ^^^^ + 2 ^^"'^ ^' 

ll I2 



(/) 



mod 3/2 



(474) 



for the Zs-gravity-gravity anomaly. 



• A(3N2) (N/3 =integer) 

Similarly, we can study anomalies of A(3A^^) with A^/3 = integer. As shown in section 
[HI the A(3A^^) group with A^/3 = integer has nine singlets Iki and (A^^ — 3)/3 triplets, 
3[fc][£]. All elements A(3A^^) can be written by products of a, a' and b. On all of triplet 
representations S[k][e], their determinants are obtained as det(a) = det(a') = det(6) = 1. 
On the other hand, it is found that det(a) = det(a') on all of nine singlets. Further- 
more, nine singlets are classified by values of det(a) = det(a') and det(6). That is, the 
determinants of det(a) = det(a') and det(6) are obtained as det(a) = det(a') = and 
det(6) = u'' on l^^. These results are shown in Table W2[ This implies that two indepen- 
dent Z3 symmetries can be anomalous. One corresponds to b and the other corresponds 
to a. For the Z3 symmetry corresponding to b, each representation has the following Z3 
charge gs. 



93 = 

93 = 1 
93 = 2 



► [fc]M, 



lif, 



(475) 
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Table 62: Determinants on A(3A^^) representations = integer ) 



while for Z'^ symmetry corresponding to a, each representation has the following charge 
9^, 



93 = 

93 = 1 
93 = 2 



Ifci, (476) 



Then, the anomaly-free conditions are written as 

5^5^T2(i?(^^) + 2^^ T2(i2(^)) = mod 3/2, (477) 

Iw Rif) Ul R(f) 

for the Z^ — Gg — Gg anomaly and 

dim + 2 J] dim R^^^ = mod 3/2 , (478) 

for the Zs-gravity-gravity anomaly. Similarly, for the Z'^ symmetry, the anomaly-free 
conditions are written as 

5^5^T2(i?(^)) + 2 5^^ T2(i2(^') = mod 3/2, (479) 

Ifei R(f) lfc2 R(.f) 

for the Z'^ — Gg — Gg anomaly and 

Y ^™ ^^'^^ + 2 Xll] ^™ -^^'^^ = ° ' 
for the Zg-gravity-gravity anomaly. 

We study anomalies of Tj. As shown in section 10, the T7 group has three singlets, 
lo,i,2) and two triplets, 3 and 3. All elements of T7 can be written by products of a and 
b, where a and b correspond to the generators of Z7 and Z3, respectively. It is found that 
det(a) = 1 on all of representations. Thus, these elements are irrelevant to anomalies. 
On the other hand, the determinant of b is obtained as det(6) = 1 for both 3 and 3 and 
det(6) = u'^ for 1^ [k = 0, 1,2), as shown in Table [631 These results imply that only the 
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Table 63: Determinants on T7 representations 
Z3 symmetry corresponding to b can be anomalous. Under such a symmetry, each 
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(481) 



Then, the anomaly-free conditions are written as 

$:5:T,(i?(/))+2 5:$:T,(i?(/); 

li R(.f) I2 R(f) 

for the — Gg — Gg anomaly and 



mod 3/2 



^ ^ dim R^f'^ + 2 ^ ^ dim R^^'^ = mod 3 /2 

ll Rif) I2 R(f) 



(482) 



(483) 



for the Zs-gravity-gravity anomaly. 



• S(811 



We study anomalies of S(81). As shown in section 11, the S(81) group has nine 
singlets, 1^, and eight triplets, 3a,b,c,d and 3a,b,c,d- All elements of S(81) can be 
written by products of a, a', a", and b. The determinants of those elements on each 
representation are shown in Table [6^ These results imply that there are two independent 
Z3 symmetries, which can be anomalous. One is the Z3 symmetry corresponding to b and 
the other is the Z3 symmetry corresponding to a. For the Z3 symmetry corresponding to 
b, each representation has the following Z3 charge ^3, 
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(484) 



while for the Z3 symmetry corresponding to a each representation has the following Z'^ 
charge q'^, 
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(485) 
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Table 64: Determinants on S(81) representations 



Then, the anomaly-free conditions are written as 



Y^^T2{R'^f^) + 2^^T2{R^f^) = mod 3/2, (486) 

for the — Gg — Gg anomaly and 

^ ^ dim + 2 ^ ^ dim J?(-^) = mod 3/2 , (487) 

If R(f) R(.f) 

for the Za-gravity-gravity anomaly. Similarly, for the Z'^ symmetry corresponding to a, 
the anomaly-free conditions are written as 

+ 2 J2 X1^2(-R^^^) = mod 3/2, (488) 

^A,B,C R'^f^ 

for the Z'^ — Gg — Gg anomaly and 

5^5^dimK(^)+ E^^^^-^^ + ^EE^™^^^^ 

1] R(f) Sa,b,c R(f) Ij Rif) 

+ 2 J] J]dimi?(-^) = mod 3/2, (489) 

Sa,b,c 

for the Zg-gravity-gravity anomaly. 
• A(54) 

We study anomalies of A (54). As shown in section 12, the A (54) group has two 
singlets, four doublets, 2i^2,3,4, and four triplets, 3i(k) and 32{k)- All elements of 

A(54) can be written by products of a, a', b and c. Determinants of a, a' and b on 
any representation are obtained as det(a) = det(a') = det(6) = 1. The determinants 
of c for 1+ and 82 (/c) are obtained as det(c) = 1 while the other representations lead 
to det(c) = —1. These results are shown in Table [651 That implies that only the Z2 
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1+ 


1 


2i 


22 


23 


24 


3i(fc) 


32(fc) 


det(a) 


1 


1 


1 


1 


1 


1 


1 


1 


det(a') 


1 


1 


1 


1 


1 


1 


1 


1 


det{b) 


1 


1 


1 


1 


1 


1 


1 


1 


det(c) 


1 


-1 


-1 


-1 


-1 


-1 


-1 


1 



Table 65: Determinants on A(54) representations 

symmetry corresponding to the generator c can be anomalous. Under such a Z2 symmetry, 
each representation has the following Z2 charge q2, 

q2 = : l+,32(fc), 

?2 = 1 ■ 1-5 2i 2,3,4, 3i(fc). 

Then, the anomaly-free conditions are written as 

for the Z2 — Gg — Gg anomaly. 

Similarly, we can analyze on anomalies for other non-Abelian discrete symmetries. 

14.3 Comments on anomalies 

Finally, we comment on the symmetry breaking effects by quantum effect. When a dis- 
crete (flavor) symmetry is anomalous, breaking terms can appear in Lagrangian, e.g. by 
instanton effects, such as -^A'"$i ■ ■ ■ ^i^, where A is a dynamical scale and M is a typ- 
ical (cut-off) scale. Within the framework of string theory discrete anomalies as well as 
anomalies of continuous gauge symmetries can be canceled by the Green-Schwarz (GS) 
mechanism |219j unless discrete symmetries are accidental. In the GS mechanism, dilaton 
and moduli fields, i.e. the so-called GS fields $g5; transform non-linearly under anoma- 
lous transformation. The anomaly cancellation due to the GS mechanism imposes certain 
relations among anomalies. (See e.g. Ref. |210j .ll^ Stringy non-perturbative effects as 
well as field-theoretical effects induce terms in Lagrangian such as ^e-"*Gs$^...$^, 
The GS fields ^gs, i-e- dilaton/moduli fields are expected to develop non- vanishing vac- 
uum expectation values and the above terms correspond to breaking terms of discrete 
symmetries. 

The above breaking terms may be small. Such approximate discrete symmetries with 
small breaking terms may be useful in particle physicsjfl if breaking terms are controllable. 
Alternatively, if exact symmetries are necessary, one has to arrange matter fields and their 
quantum numbers such that models are free from anomalies. 

2 Sec also Ref. [HO]. 
See for some applications e.g. |221j . 



(490) 

= mod 1 , (491) 
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15 Flavor Models with Non-Abelian Discrete Sym- 
metry 

We have shown several group-theoretical aspects for various non-Abelian discrete groups. 
In this section, we study some phenomenological applications of these discrete symmetries. 



15.1 Tri-bimaximal mixing of lepton flavor 

The non-Abelian discrete group has been applied to the flavor symmetry of quarks and 
leptons. Especially, the recent experimental data of neutrinos have encouraged us to 
work in the non-Abelian discrete symmetry of flavors. The global fit of the neutrino 
experimental data in Table [66] [3| [5] . strongly indicates the tri-bimaximal mixing matrix 
f/tribi for three lepton flavors [3 [3 [9l [10] as follows: 



tribi 



2 1 

I L J_ A. , 



\ 

1 

'V2 



(492) 



which favors the non-Abelian discrete symmetry for the lepton flavor. Indeed, various 
types of models leading to the tri-bimaximal mixing have been proposed by assuming 
several types of non-Abelian flavor symmetries as seen , e.g. in the review by Altarelli 
and Feruglio [11]. In this section, we introduce typical models to reproduce the lepton 
flavor mixing. 



parameter 


best fit 


2a 


3a 


tri-bimaximal 


Am|i [lO-^eV^] 
|Am|i| [lO-^eV^] 

sin^ 9i2 

sin^ 6^23 

sin^ 6^13 


7 c;q+o.23 

2.40^°- 
0.3181°:°^^ 

Q Q-|O+0.013 

U.U±0„o.009 


7.22-8.03 
2.18-2.64 
0.29-0.36 
0.39-0.63 
< 0.039 


7.03-8.27 
2.07-2.75 
0.27-0.38 
0.36-0.67 
< 0.053 


* 
* 

1/3 
1/2 




Table 66: Best-fit values with la errors, and 2a and 3a intervals (1 d.o.f) for the three- 
flavor neutrino oscillation parameters from global data including solar, atmospheric, re- 
actor (KamLAND and CHOOZ) and accelerator (K2K and MINOS) experiments in Ref. 

The neutrino mass matrix with the tri-bimaximal mixing of flavors is expressed by the 
sum of simple mass matrices in the flavor diagonal basis of the charged lepton. In terms 
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of neutrino mass eigenvalues mi, m2 and m^, the neutrino mass matrix is given as 




.(493) 



This neutrino mass matrix can be easily realized in some non-Abelian discrete sym- 
metry. In the following subsection, we present simple realization of this neutrino mass 
matrix, which arise from the dimension- five non-renormalizable operators [222], or the 
see-saw mechanism [2231 12211 |225l I226ll227] . 



15.2 A4 flavor model 

Natural models realizing the tri-bimaximal mixing have been proposed based on the non- 
Abelian finite group A4 [89]- |151j . The A4 flavor model considered by Alterelli et al 
[96| |97] realizes the tri-bimaximal flavor mixing. The deviation from the tri-bimaximal 
mixing can also be predicted. Actually, one of authors has investigated the deviation from 
the tri-bimaximal mixing including higher dimensional operators in the effective model 
[III1II28]. 

In this subsection, we present the A4 flavor model with the supersymmetry including 
the right-handed neutrinos. In the non-Abelian finite group ^4, there are twelve group 
elements and four irreducible representations: 1, 1', 1" and 3. The A4 and Z3 charge 
assignments of leptons, Higgs fields and SM-singlets are listed in Table [671 Under the 
A4 symmetry, the chiral superfields for three families of the left-handed lepton doublets 
/ = (/g, l^i, It) and right handed neutrinos u"^ = {yl, u^, v^) are assumed to transform as 
3, while the right-handed ones of the charged lepton singlets e'^, ^'^ and t'^ are assigned 
with 1, 1', 1", respectively. The third row of Table [671 shows how each chiral multiplet 
transforms under Z3, where u = e^'^*/^. The flavor symmetry is spontaneously broken by 
vacuum expectation values (VEVs) of two 3's, 0t, 4>s, and by one singlet, ^, which are 
SU{2)l X U{1)y singlets. Their charges are also shown in Table [671 Hereafter, we 
follow the convention that the chiral superfield and its lowest component are denoted by 
the same letter. 







hu hd 


C {<l>Ti,(l)T2,<l>T3) {(j)Si,(pS2,'Ps3) * 


Z3 

Uil)FN 


3 3 11" 1' 

2q q Q 


1 1 

1 1 



13 3 1 

1 LJ^ 1 

-1 



Table 67: yl4, and U{l)p]\f charges 
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Allowed terms in the superpotential including charged leptons are written by 
wi = y^e^l(j)Thdjj^j + y^^J,''l(j)Thdj^j + yoT''l(j)Thdj 
+yle^l(j)T(f)Thdj;^j + y'^fi'l(f)T(j)Thdj;^j 

+ylT'l(l)T(l)Thdj. (494) 

In our notation, all y with some subscripts denote Yukawa couplings of order 1 and A 
denotes a cut off scale of the A4 symmetry. In order to obtain the natural hierarchy among 
lepton masses rrie, and m,-, the Froggatt-Nielsen mechanism |228] is introduced as an 
additional U{\)fn flavor symmetry under which only the right-handed lepton sector is 
charged. A' is a cut off scale of the U{1)fn symmetry and $ denotes the Froggatt- 
Nielsen flavon in Table |671 The U{1)fn charge values are taken as 2g, q and for e*^, 
/i*^ and r*^, respectively. By assuming that the fiavon, carrying a negative unit charge of 
U{1)fn^ acquires a VEV ($) /A' = A ^ 1, the following mass ratio is realized through 
the Froggatt-Nielsen charges, 



me : : m. 



A^" : A^ : 1. (495) 



If we take q = 2, the value A ~ 0.2 is required to be consistent with the observed charged 
lepton mass hierarchy. The U{1)fn charges are listed in the fourth row of Table W7\ 
The superpotential associated with the Dirac neutrino mass is given as 

WD = yo^^lK + yiu'lhuCpTj, (496) 
and for the right-handed Majorana sector, the superpotential is given as 

= 2/o^z/^i^>5 + Vii^'i^'^ + y2i^'i^''(i)T^\ + y^i^'i^'^jyT^iysl, (497) 

where there appear products of A4 triplets such as 3 x 3 x 3 and 3x3x3x3. 

The symmetry is spontaneously broken by VEVs of flavons. The tri-bimaximal 
mixing requires vacuum alignments of A4 triplets 0t and (ps as follows: 

((0Ti,0T„0T3)) =^^t(1,0,0), ((05i,0&,0S3)) =^s(l,l,l). (498) 

These vacuum alignments are realized in the scalar potential of the leading order WI] . 
We write other VEVs as follows: 

{K) = v^, {hd)=Vd, {0 = u. (499) 

By inserting these VEVs in the superpotential of the charged lepton sector in Eq. (]522p . 
we obtain the charged lepton mass matrix Me as 

'z/o'A^^ \ 
Me = arVd | y^X'' , (500) 
yd 
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with 

ar = (501) 

Since we have 



2 e2\4(7 2 2 2 ^2 2(7 2 2 2 r2 2 2 rtxr,r,\ 



we can determine from the tau lepton mass by fixing yj: 



Now, we present the Dirac neutrino mass matrix in the leading order as follows: 

fVo 0\ 

Md = Vul y^ . (504) 
yo y^l 

On the other hand, the right-handed Majorana mass matrix is given as 

' 2 N , N IN IN 

sVoas + Viav -3^0 -3^0 "5 

Mat = 2A I -Ivo^s fz/^as -ly^as + yfav 

'Ivoas -\y^as + yiav Ivoas 



(505) 



where 



^5 U 

as = — , av = ^. (506) 

By the seesaw mechanism MJ^M^^Md, we get the neutrino mass matrix M^, which is 
rather complicated. We only display leading matrix elements which correspond to the 
neutrino mass matrix in Ref. |9j 



M, = ^\ A-B A + \B + lC A+\B-\C 

\B + lC , 



where 





A 1 f N"^ 2 N"^ 2\ D 1 / N N N"^ 2\ 

A = /co(?/o as - Vi ay), B = ko{yQ y^ asay - yi ay), 

d2 2 

C = fco(z/o Vi "say + Vi ay), h - 



{yfy^ayal - yfal)K 



(507) 
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At the leading order, neutrino masses are given as rrii = B, m2 = A, and = C . Our 
neutrino mass matrix is diagonalized by the tri-bimaximal mixing matrix Ut-^i in Eg. (14931) . 

Let us estimate magnitudes of as and ay to justify this modeL The mass squared 
differences Am^^j^ = Amg^ and Amg^j = Amfg are given as 

^AVo'^nY y^y^asav 



A2 [{y^asy-{y^av)T 
A«.2 ^ Ayp^u)" y^ asiyp as + 2y^ ay) 



where the sign +(— ) in Am^^^^ corresponds to the normal (inverted) mass hierarchy. We 
can obtain as and ay from these equations. In the case of the normal mass hierarchy, 
putting 

as = k ay {k> 0) , (509) 

we have 

- alK^ {y^k + ymy^k - ' " Aa^A^ yf^yNk + y^y ' 

(510) 

The ratio of Am^^^^ and Am^^j is expressed in terms of k and Yukawa couplings as 

Am^,^ A{y^f 

Ami, {y^k + 2yf){y^k-y^Y ' 



(511) 



Yukawa couplings are expected to be order one since there is no symmetry to suppress 
them. Then, by using Eq. (l51ip . we get 




- 1.2, or 0.8 . (512) 

Thus, k is also expected to be order one, that is to say, as ~ ay, which indicates that 
symmetry breaking scales of ^ and 0^ are the same order in the neutrino sector. 
We also obtain a typical value: 

ay ~ 5.8 X 10~^ (513) 

where we put A = 2.4 x lO^^^GeV, Am^^ ~ 2.4 x lO'^eV^ Am^^i ~ 8.0 x lO-^eV^ and 
Vu = 165GeV. In the following numerical calculations, we take magnitudes of Yukawa 
couplings to be 0.1 ~ 1. It is found that ay is lower than 10~^, which is much smaller 
than aT — 0.032 in the charged lepton sector. 

In the case of the inverted mass hierarchy, the situation is different from the case of 
the normal one. As seen in Am^^^^ of Eq.f l508p . the sign of y^ is opposite against y^ . 
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Therefore, the value of + 2y^av) should be suppressed compared with {y^ay) in 

order to be consistent with the observed ratio Aml^^/ Am'^^Y. In terms of the ratio r 

^ ^^"^"^ (514) 



we have 

Ami, \y^as-y^ayf ^"'"^ 
Therefore, we expect r ~ —100 for y^as ~ —2y^av- Then, we obtain a typical value: 

av ~ 1.1 X 10-^ (516) 

which is smaller than the one in the normal hierarchical case of Eq. fl513p . 

Thus, the next leading orders 0(tt|) and 0{a\r) are neglected in the lepton mass 
matrices, and so the tri-bimaximal flavor mixing is justified in the model. 



15.3 54 flavor model 

The flavor symmetry is expected to explain the mass spectrum and the mixing matrix 
of both quarks and leptons. The tri-bimaximal mixing of leptons has been understood 
based on the non-Abelian finite group /I4 as presented in the previous subsection. 

On the other hand, much attention has been devoted to the question whether these 
models can be extended to describe the observed pattern of quark masses and mixing 
angles, and whether these can be made compatible with the SU{5) or 50(10) grand 
unified theory (GUT). The attractive candidate is the S4 symmetry, which has been 
already used for the neutrino masses and mixing [66l l67l 1101] . The exact tri-bimaximal 
neutrino mixing is realized in the 5*4 flavor model [701 ESI CHI EH ES]. The S4 flavor 
models have been discussed for the lepton sector [76]- [H5]. Although an attempt to unify 
the quark and lepton sectors was presented towards a grand unified theory of flavor 
[771 1751 [79] , quark mixing angles are not predicted clearly. 

We present a 5*4 flavor model to unify the quarks and leptons in the framework of 
the SU{5) GUT [SB]. The 6*4 group has 24 distinct elements and has five irreducible 
representations 1, 1', 2, 3, and 3'. Three generations of 5-plets in SU{5) are assigned to 
3 of 5*4 while the first and the second generations of 10-plets in SU (5) are assigned to 2 
of 5*4, and the third generation of 10-plet is to 1 of S4. These assignments of S4 for 5 and 
10 lead to the completely different structure of quark and lepton mass matrices. Right- 
handed neutrinos, which are SU{5) gauge singlets, are also assigned to 2 for the first and 
second generations, and 1' for the third generation, respectively. These assignments are 
essential to realize the tri-bimaximal mixing of neutrino flavors. Assignments of SU{5), 
5*4, Z4 and U{1)fn representations are summarized in Table |68| where i, m and n are 
positive integers with the condition m < n < 2m. Taking vacuum alignments of relevant 
gauge singlet scalars, we predict the quark mixing as well as the tri-bimaximal mixing of 
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leptons. Especially, the Cabbibo angle is predicted to be around 15° under the relevant 
vacuum alignments. 

We present the 5*4 flavor model in the framework of SU{5) SUSY GUT. The flavor 
symmetry of quarks and leptons is the discrete group 5*4 in our model. The group 5*4 has 
irreducible representations 1, 1', 2, 3, and 3'. 





(Ti,T2) 










H5 


H-5 


H45 


e 


SU{5) 


10 


10 


5 


1 


1 


5 


5 


45 


1 


54 


2 


1 


3 


2 


V 


1 


1 


1 


1 


^4 


—i 


-1 


i 


1 


1 


1 


1 


-1 


1 




i 








m 














-1 









(X8,X9,Xlo) 


(Xll,Xl2,Xl3) 


Xl4 


SU{5) 


1 1 


1 


1 


1 


1 


s. 


2 2 


3' 


3 


3 


1 




-i 1 


—i 


-1 


i 


i 


U{1)fn 


-i -n 














Table 68: Assignments of S'f/(5), 6*4, Z4, and U{X)fn representations. 



Let us present the model of the quark and lepton flavor with the 6*4 group in S\J (5) 
GUT. In S'f/(5), matter flelds are unifled into 10(gi, n'^, e^)/, and 5{d'^,le)L dimensional 
representations. Three generations of 5, which are denoted by Fi, are assigned to 3 of S^. 
On the other hand, the third generation of the 10-dimensional representation is assigned 
to 1 of 5*4, so that the top quark Yukawa coupling is allowed in tree level. While, the flrst 
and the second generations are assigned to 2 of 6*4. These 10-dimensional representations 
are denoted by T3 and (Ti,T2), respectively. Right-handed neutrinos, which are SU{5) 
gauge singlets, are also assigned to 1' and 2 for A''^ and {N^,N^), respectively. 

We introduce new scalars Xi addition to the 5-dimensional, 5-dimensional and 45- 
dimensional Higgs of the SU{5), H^, H^, and which are assigned to 1 of S4. These 
new scalars are supposed to be SU{5) gauge singlets. The (xi, X2) and (xs, Xi) scalars are 
assigned to 2, (xs, Xe, X?) are assigned to 3', (xs, X9, Xio) and (xii, X12, X13) are 3, and xm 
is assigned to 1 of the S'4 representations, respectively. In the leading order, (xs, X4) are 
coupled with the right-handed Majorana neutrino sector, (x5, Xe, Xr) are coupled with the 
Dirac neutrino sector, (xs, Xq? Xio) and (xii, X125 X13) are coupled with the charged lepton 
and down-type quark sectors, respectively. In the next-leading order, (X15X2) scalars are 
coupled with the up-type quark sector, and the S'4 singlet Xi4 contributes to the charged 
lepton and down-type quark sectors, and then the mass ratio of the electron and the 
down quark is reproduced properly. We also add Z4 symmetry in order to obtain relevant 
couplings. In order to obtain the natural hierarchy among quark and lepton masses, the 
Froggatt-Nielsen mechanism |228] is introduced as an additional U{1)fn flavor symmetry. 
6 denotes the Froggatt-Nielsen flavon. The particle assignments of SU{5), S4 and Z4 and 
U{1)fn are summarized Table [681 The U{1)fn charges i, m and n will be determined 
phenomenologically. 
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We can now write down the superpotential respecting 5*4, Z4 and U{l)p]\f symmetries 
in terms of the 5*4 cutoff scale A, and the U{1)fn cutoff scale A. The SU{5) invariant 
superpotential of the Yukawa sector up to the linear terms of Xi is given as 

wsui5) = ViiTi, T2) ® r3 ® (xi, X2) ® H,/A + y^Ts ® T3 ® i/s 
+ (A^:, A^^) ® (N:, A^^) ® e2"VA2"^-i 

+ y^{N^, ® (ATf , A^;;) ® (X3, Xi) ® e^^-^/A^™"" + MN^ ® A^^ 

+ yf (A^,^ A^^) ® (Fi, F2, F3) ® (X5, X6, X7) ^H,^ ^-/(AA™) 

+ A^; ® (Fi, F2, F3) ® (X5, X6, Xt) ® ^^s/A 

+ F2, F3) ® (Ti, T2) ® (X8, X9, Xio) ® i^45 ® e7(AA0 

+ y2{Fi, F2, F3) ® T3 ® (xii, X12, X13) ® i^s/A, (517) 

where y^, 7/2, y^, yf, ?/|^, yi, and ?/2 are Yukawa couplings. The U{1)fn charges 
i, m, and n are integers, and satisfy the conditions m — n < 0, 2m — n > 0. In our 
numerical study, we take i = m = 1 and n = 2. Then, some couplings are forbidden in 
the superpotential. We discuss the feature of the quark and lepton mass matrices and 
flavor mixing based on this superpotential. However, we will take into account the next 
leading couplings as to Xi iii the numerical study of the flavor mixing and CP violation. 

We begin to discuss the lepton sector of the superpotential wf^^^^y Denoting Higgs 
doublets as and hd, the superpotential of the Yukawa sector respecting the S4 x Z4 x 
U{1)fn symmetry is given for charged leptons as 



6 /i 

-^(^A^Xg - IrXio) + --j=i-2leX8 + IfiXd + Wxio) 



wi = -3yi 

+ y2r''ileXii + l/iXu + lrXiz)hd/J^- 

For right-handed Majorana neutrinos, the superpotential is given as 

wj, = y^{NlNl + Ar^A^^)e2™/A2™-i 

+ y2 [iKNl + Ar^A^:)x3 + {N:n: - N^NDx,] Q^^-^/K^^-^ 

and for Dirac neutrino Yukawa couplings, the superpotential is 



/i45eV(AA^ 



(518) 



(519) 



wd = Vi 



D 



N: 



N?. 



/i„e™/(AA^ 



+ y2K{leX5 + If^Xe + lrX7)hu/A. 



(520) 



Higgs doublets hu,hd and gauge singlet scalars 6 and Xiy are assumed to develop their 
VEVs as follows: 



{K) = Vu, (hd) = Vd, (/I45) = ^45, (0) = 0, 

((X3, X4)) = (%, M4), ((X5, X6, Xr)) = (^5, Me, M7), 

((X8, X9, Xw)) = (^8, ^9, Uio), ((Xll, X12, X13)) = {uu,Ui2, M13), 



(521) 
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which are supposed to be real. Then, we obtain the mass matrix for charged leptons as 

/ «9/v^ -«io/V2\ / \ 

Ml = -3yiX%5 -2as/VQ ag/VQ aio/V6 + y2Vd , (522) 

V / "12 "13/ 

while the right-handed Majorana neutrino mass matrix is given as 

/A2™-"(?/fA"A + i/fa4A) yfA^^^^asA 0\ 

Mn=\ y^X^'^-'^asA X^'^-'^iy^ - y^ a^K) . (523) 

\ mJ 

Because of the condition m — < 0, (1, 3), (2, 3), (3, 1) and (3, 3) elements of the right- 
handed Majorana neutrino mass matrix vanish. These are so called SUSY zeros. The 
Dirac mass matrix of neutrinos is 

/2a5/V6 -ae/VG -aj/y/OX /O 0\ 

Mn=y?X"'vu a,/V2 -ar/v^ +y^Vu , (524) 

\ / \"5 "6 "7/ 

where we denote ai = Ui/A and A = 6 /A. 

In order to get the left-handed mixing of charged leptons, we investigate Ml Ml. If we 
can take vacuum alignment (m8,M9,Mio) = (0,^9,0) and (wii, M12, W13) = (0,0,^13), that 
is as = "10 = "11 = "12 = 0, we obtain 

'0 -3yiX'agV^5/V2 
Mi = \0 -3yiX'agv^5/V6 | , (525) 

then Mj Ml is as follows: 

MlMi = vl { 6\yiX'ag\^ 1 , (526) 











A^«9 


p 





b2p«?3 


'12 — 


^13 - ^23 



where we replace 1/1V45 with yiVd- We find 9\2 = ^13 = ^23 = 0; where 6*'^ denote left- 
handed mixing angles to diagonalize the charged lepton mass matrix. Then, charged 
lepton masses are 

m2 = 0, ml = Q\y^X'ag\\,l, = |y2pa?3^'^ (527) 

It is remarkable that the electron mass vanishes. We will discuss the electron mass in the 
next leading order. 

Taking vacuum alignment (^3,^4) = (0,^4) and {u^.u^^Uj) = {u^,u^,u^) in Eq.( 
the right-handed Majorana mass matrix of neutrinos turns to 

'A2™-"(yfA"A + <a4A) 0_ 

Mn=\ A2'^-"(yfA"A-2/fa4A) |, (528) 

M, 
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and the Dirac mass matrix of neutrinos turns to 



D 



'2a^/y/Q -tts/Ve -as/A/e' 
05/72 






^0 







+ y2Vu 1 












^"5 


"5 


as/ 



(529) 



By using the seesaw mechanism My = M]^Mj^^ M^^ the left-handed Majorana neutrino 
mass matrix is written as 



'a + |6 a — |6 a — |6 



-6 a + ^h+\c a + \h 
36 a+ -^h — \c a 



(530) 



where 



m\2 



M ' A2"^-"(?/f A"A + |/fa4A)' 

The neutrino mass matrix is decomposed as 



A2™-"(yfA"A-?/^a4A)' 

(531) 



fe + c 




(532) 



which gives the tri-bimaximal mixing matrix f/tri-bi and mass eigenvalues as follows: 

\ 

ms = c . (533) 



tri-bi 



1 1 

— — — — 

\ VG V2 J 



1 

V2 



mi 



m2 = 3a 



The next leading terms of the superpotential are important to predict the deviation 
from the tri-bimaximal mixing of leptons, especially, Ue^. The relevant superpotential in 
the charged lepton sector is given at the next leading order as 

Aw = |/A.(Ti, T2) ® (Fi, F2, F3) ® (xi, X2) ® (Xii, X12, X13) ® Hfjk^ 
+ yA,{Ti,T2) ® (Fi, F2, F3) ® (X5, X6, Xt) ® Xi4 ® i^s/A' 
+ yA^Ti, Ta) ® (Fi, F2, F3) ® (xi, X2) ® (X5, X6, Xt) ® ^45 /A' 
+ 2/A,(Ti, T2) ® (Fi, F2, F3) ® (xii, X12, X13) ® Xi4 ® i^45/A' 

+ yAjs ® (Fi, F2, F3) ® (X5, X6, Xt) ® (X8, X9, Xio) ® ^^5 ® /A' 

+ Z/A,T3 ® (Fi, F2, F3) ® (X8, X9, Xio) ® (Xii, X12, X13) ® H45 ® /A^ . (534) 

In order to estimate the effect of this superpotential on the lepton flavor mixing, we 
calculate the next leading terms of the charged lepton mass matrix elements eij, which 
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are given as 



1 

ei2 = --VA^Oi^auVd + 3 



^(v^-l)yA.,-7(v^+l)^A. 



ei3 



^(x/3 - l)yA.. + ^(v^+ l)yA„.| «i( 

^{VS+ l)|/A,i - 7(^3 - 1)2/A,2 \ "ltt5 + ^2/, 



4 



£21 = -3?/A,i«ia5^'d, 



2/Adttl3"l4 



Vd, 



^22 



^23 



yA.asaM^'d + 3 



^(v^-l)yA., + ^(v^+l)yA.. 



|(v^-i)2/A„. + ^(v^+i)yA„. 

^(v^+l)yA..-^(v^-l)^A.. 



^31 = -2/Ae«5«9t'd - ^VAfagOfisVd, 
£32 = 0, 

£33 = VAeO^^OigVd. 



«1«13 



-yA6«5ai4 



Vd, 



1 

2' 



aitt5 - -2/Adai3ai4 



(535) 



Magnitudes of ej/s are of where a is a linear combination of oij's. The charged 

lepton mass matrix is written in terms of e^j as 



M, 



V3m^ , 
^11 — 2 '~ 12 



^13 

^21 ^ + ^22 ^23 



(536) 



where and are given in Eq. fl527p . Then, Mj Mi is not diagonal due to next leading 
terms eij, which give the non-vanishing electron mass. Since we have = 0{\a) and 
rriT- = 0{a) as seen in Eq.f l527p . and e^j = 0{me), the left-handed charged lepton mixing 
matrix is written as 




o 



o 




(537) 



Now, the lepton mixing matrix Uum is deviated from the tri-bimaximal mixing as follows: 

f^MNS = t^l;fAri-bi- (538) 
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The lepton mixing matrix elements f/gs? f^e2- ^/^3 are given as 



V2 V 



Thus, the deviation from the tri-bimaximal mixing is lower than O (0.01). 
The superpotential of the next leading order for Majorana neutrinos is 



(539) 



A<t;(5) = vUN:. ® (iV:, Np ® (xi, X2) ® X14/A 

+ VA.iK, N'^) ® AT^' ® (X5, X6, Xt) ® (Xii, X12, X13) ® e/(AA) 

+ vlsiK, ® iV,^ ® (X8, X9, Xio) ® (X8, X9, Xio) ® e/(AA) 

+ yl,K ® ® (X8, X9, Xio) ® (Xs, X9, Xio)/A- (540) 

The dominant matrix elements of the Majorana neutrinos at the next leading order are 
given as follows: 

AMn = Ax 

^ I/Ai«1«14 ?/Ai«1«14 -^1/A2«5ai3 + ^yA3^"9\ 

1/Aiai"l4 -|/Ai"iai4 -^?/A2«5ai3 + ^1/A3«9 • 

\-^l/A2«5«13 + ^^Aa^g -^?/A2«5«13 + ^1/A3«9 ?/A4«9 / 



(541) 



Then the Ues is estimated as follows: 



N 
2/2 "4 

We also consider the Dirac neutrino mass matrix. The superpotential at the next 
leading order for Dirac neutrino is given as 

^Wsui5) = vliK^ Np®iFi, ^2, i^3)®(X8, X9, Xio)®(Xii, Xi2, Xi3)®i^5®e/(A2A) . (543) 

The dominat matrix elements of the Dirac neutrinos at the next leading order are given 
as follows: 

AMd = I y^XagarsVu * * (544) 
* * *. / 



Then, we can estimate Ues as follows: 

f/e3 ~ -Z^l^J^fnil ^ o{a) . (545) 



3?/fa5 



Thus, the contribution of the next leading terms on Ues is of order 0{a) in the neutrino 
sector while that is 0{mf,/m^) in the charged lepton sector. Therefore, it is concluded 
that the deviation from the tri-bimaximal mixing mainly comes from the neutrino sector. 
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Let us discuss the quark sector. For down-type quarks, we can write the superpotential 
as follows: 



Wd = yi 



/i45eV(AA^ 



+ y2{d'xii + s'xi2 + b'xi3)q3hd/A. (546) 

Since the vacuum alignment is fixed in the lepton sector as seen in Eq. (15211) . the down- type 
quark mass matrix at the leading order is given as 

\ 

Md = Vd\ mX'ag/V2 yiX'ag/VQ , (547) 

2/2«13/ 

where we denote yiVd = y'lV^^. Then, we have 

/ ||yiA^«9p i73l^iA'«9p \ 
M]M, = vl ^|yiA^«9p ll^iA^P . (548) 
V |2/2pa?3/ 

This matrix can be diagonalized by the orthogonal matrix Ud as 

cos 60° sin 60° 0\ 
Ud= I - sin 60° cos 60° . (549) 
1/ 

The down-type quark masses are given as 

2 

"^d = , m1 = -\yiX'^ag\'^vl , ml ^ \y2\'^al^Vd , (550) 

which correspond to ones of charged lepton masses in Eq. (15271) . The down quark mass 
vanishes as well as the electron mass, however tiny masses appear in the next leading 
order. 

The down- type quark mass matrix including the next leading order is 



(551) 



where ej/s are given by replacing y/^. with —l/Sy^^ (z = cl, c2, d, f) in Eq. fl535p . and 
and mi, are given in Eq. fl550p . 

By rotating M^Md with the mixing matrix Ud in Eq.f l549p . we have 

UlM^MdUd-l Oia'ml) |m,|2 + e;^)m, \ . (552) 
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Then we get mixing angles 9^2, ^f^i (^23 mass matrix of Eg. fl552p as 

.-O(^). (553, 

where a CP violating phase is neglected. 

Let us discuss the up-type quark sector. The superpotential respecting S'4 x Z4 x 
U{1)fn is given as 

Wu = Vi [{u'xi + c'X2)g3 + t'iqixi + 52X2)] hJA + y2t'q3hu ■ (554) 
We denote their VEVs as follows: 

((Xi,X2)) = (mi,M2) . (555) 

Then, we obtain the mass matrix for up-type quarks as 

/ y^a,\ 
M^ = Vu\ y'ia2 . (556) 
\yiai y'(a2 1/2 / 

The next leading terms of the superpotential are also important to predict the CP vio- 
lation in the quark sector. The relevant superpotential is given at the next leading order 

as 

Awu = ylSTi.T2) ® (Ti, T2) ® (xi, X2) ® (Xi, X2) ® i^5/A' 
+ yl^{T^, T2) ® (Ti, T2) ® Xi4 ® Xi4 ® H,/A^ 

+ ylj^ ® T3 ® (X8, X9, Xio) ® (X8, X9, Xio) ® H^/A^- (557) 

We have the following mass matrix, in which the next leading terms are added to the 
up- type quark mass matrix of Eq. f l556p : 

Mu = vJ yl^,al 2yX,,«f + I/A,«M ViC^i , (558) 

\ 1/1 «1 Z/2+?/A,«9/ 

where we take the alignment ai = 02- After rotating the mass matrix Af„ by 612 = 45°, 
we get 

f{^yl..-ylJ(^l + ylA^ o o \ 

Mu^Vul (2i/X„, + yljal + ylal ^y^a^ . (559) 

V V2f{a, y^ J 

This mass matrix is taken to be real one by removing phases. The matrix is diagonal- 
ized by the orthogonal transformation as V^M^Vp, where 

'1 0~ 

rt Tc 
,0 -Tc rt. 



K ^ I rt rc I , = .1 — — — , and rt = J — ^ — . (560) 

+ rrit V + rrit 
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Now we can discuss the CKM matrix. Mixing matrices of up- and down-type quarks 
are summarized as 



cos 45° sin 45° 

Uu ^ ( - sin 45° cos 45° 

1 

cos 60° sin 60° 

Ud ^ ( - sin 60° cos 60° 

1 




nd nd 
^12^13 



nd 
^23 



(561) 



Therefore, the CKM matrix can be written as 



V 



CKM 



ulu. 




ad 
-^12 

nd 
"^13 



nd nd 

nd nd 
'^12'^23 



nd 
^12 



nd 
-^23 



nd nd 
^12^13 



nd 
^13 
nd 
^23 



(562) 



The relevant mixing elements are given as 

Vus ^ COS 15° + sin 15°, 
Vub ~ ^^3 cos 15° + sin 15°, 



cb 



d ip 
13^^ 



sin 15° 



rte^.e'P cos 15° - 



td 



-Tc sin 15°e 



^2 



+ ^^3^23)6^" COS 15° + n{-ei, + et^et,) 



(563) 



We can reproduce the experimental values with a parameter set 



P 



123°, e 



12 



0.0340, = 0.00626, 9: 



,d 
23 



-0.00880, 



(564) 



by putting typical masses at the GUT scale niu = 1.04 x 10 ^GeV, ttIc = 302 x 10 ^ GeV, 
mt = 129GeV [229] . 

In terms of a phase p, we can also estimate the magnitude of CP violation measure, 
Jarlskog invariant Jcp |230j . which is given as 



\Jcp\ = |Im{K.K:K6V;;} I ^ 3.06 X 10-^ . 



(565) 



Our prediction is consistent with the experimental values Jcp = 3.051q 20- We also show 
CP angles in the unitarity triangle, </)i(or /3), 02 (or a) and 03 (or 7), 



arg 



VcdV^ 

VtdV:, 



arg 



VudV*^ 



arg 



VcdV:,b 



(566) 



Putting p = 123°, we get sin 201 : 
with experimental values sin 20i 



0.693, 02 = 89.4° and 
: 0.681 ±0.025, 02 = (i 



()3 = 68.7°, which are compared 
itlr and 03 = (77+30)0. 
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15.4 A (54) flavor model 

Certain classes of non-Abelian flavor symmetries can be derived from superstring theories. 
For example, -D4 and A (54) flavor symmetries can be obtained in heterotic orbifold models 
[m [151 llSj. In addition to these flavor symmetries, the A (27) flavor symmetry can be 
derived from magnetized/intersecting D-brane models [T71 dHl [H]. 

Here, we focus on the A (54) discrete symmetry. Although it includes several interest- 
ing aspects, few authors have considered up to now [701 11961 1197[ 1198] . The first aspect is 
that it consists of two types of Z3 subgroups and an 5*3 subgroup. The S3 group is known 
as the minimal non-Abelian discrete symmetry, and the semi-direct product structure of 
A (54) between and 5*3 induces triplet irreducible representations. That suggests that 
the A (54) symmetry could lead to interesting models. The A (54) group has irreducible 
representations 1+, 1_, 2i, 22, 23, 2^, ^1(2), ^2(1), and 32(2)- There are four triplets 

and products of 3i(i) x 3i(2) and 82(1) x 82(2) lead to the trivial singlet. 





(leJ^^Jr) (e^/i^r^) (iV,^iV^,iV,^) 


hu{d) 


Xl (X2,X3) (X4,X5,X6) 


A(54) 


3i(i) 82(2) 81(2) 


1+ 


1- 2i 81(2) 



Table 69: Assignments of A(54) representations 



15.4.1 Flavor model in lepton sector 

Let us present the model of the lepton flavor with the A(54) group. The triplet repre- 
sentations of the group correspond to the three generations of leptons. The left-handed 
leptons (/e, It), the right-handed charged leptons (e'^, /i'^, r'^) and the right-handed neu- 
trinos {N^,Nll,N!f) are assigned by 81(1), 82(2), and 81(2), respectively. Since the product 
81(1) X 81(2) includes the trivial singlet 1+, only Dirac neutrino Yukawa couplings are 
allowed in tree level. On the other hand, charged leptons and the right-handed Majorana 
neutrinos cannot have mass terms unless new scalars Xi are introduced in addition to 
the usual Higgs doublets, hu and hd. These new scalars are supposed to be SU{2) gauge 
singlets. The gauge singlets Xi? {X21X3) and (x4;X5;X6) are assigned to 1_, 2i, and 81(2) 
of the A (54) representations, respectively. The particle assignments of A (54) are summa- 
rized in Table [691 The usual Higgs doublets and ha are assigned to the trivial singlet 
1+ of A(54). 

In this setup of the particle assignment, let us consider the superpotential of leptons at 
the leading order in terms of the cut-off scale A, which is taken to be the Planck scale. For 
charged leptons, the superpotential of the Yukawa sector respecting to A(54) symmetry 
is given as 

wi = |/i(e% + /i% + r'=/^)Xi/id/A 

+yl, [{ue% + u^fi'lf, + T%)x2 - ie% + w^'^m + ^-^'Qxs] hj K. (567) 
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For the right-handed Majorana neutrinos we can write the superpotential as follows: 

[{N^^K + KNDxa + (iV^iV; + KN:)x^ + {KN; + iV^iVDxe]. (568) 
The superpotential for the Dirac neutrinos has tree level contributions as 

WD = VDiKk + N'^l^ + N^QK. (569) 
We assume that the scalar fields, hu^d and Xi? develop their VEVs as follows: 
{hu) = Vu, {hd) = Vd, (xi) = ui, {{X2,X3)) = {u2,U3), ((X4,X5,X6)) = (^4, ^5, Ue) .(570) 
Then, we obtain the diagonal mass matrix for charged leptons 

(tti \ / ua2 — a-s 

ai + y^Vd cu^a2 - co^as | , (571) 
tti/ V 

while the right-handed Majorana mass matrix is given as 



(572) 






( "4 





0^ 




^0 






Mm = yiA j 










1 + j 











^0 









^"5 


Q!4 


0/ 



and the Dirac mass matrix of neutrinos is obtianed as 

/I 0\ 

Md = yovu 1 0, (573) 
\0 ij 

where we denote a, = Ui/A {i = 1 — 6). By using the seesaw mechanism = 
M]^M^^ Md, the neutrino mass matrix can be written as 



2 ^2 / z/?a5tt6 - yWi -ymal + yl^A^^ -ym^l + z/2«4a6\ 
My = -j-j^ -ymal + yla^a^ yloiAae - yl^l -ymal + yla^ae 
-ym^l + yl^Aa^ -ym^l + yla^a^ yfa^a^ - y'^aj J 



d = y^aia^aa - t/it/2tt4 - Z/iy2"5 - l/iZ/2"6 + '2y2<^Aa5a(>- (574) 

Since the charged lepton mass matrix is diagonal one, we can simply get the mass 
eigenvalues as 



(575) 



1 nie ^ 








-1 












\ rur 






1 


—bJ 
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In order to estimate magnitudes of ai, 02 and a^, we rewrite as 










)l 




(576) 









which gives the relation of \yi<y2\ = Ivi'^sl- Inserting the experimental values of the 
charged lepton masses and Vd — 55GeV, which is given by taking tan/3 = 3, we obtain 
numerical results 

Thus, it is found that ai{i = 1, 2, 3) are of C(10^^) if the Yukawa couplings are order one. 

In our model, the lepton mixing comes from the structure of the neutrino mass matrix 
of Eg. (15741) . In order to reproduce the maximal mixing between and u^, we take 
05 = ag, and then we have 



1.14 X 10-2 

2gO 



1.05 X iQ-^eO-oiei'T 
1.05 X 10-2-0-32^^ 



(577) 



Ad 



-ymal + i/2«4a5 ylc^icy^ - yW^ -ym^l + yl^l I • (578) 



yla^a^ -ymaj + y'^aj yja^a^ - y^al j 



The tri-bimaximal mixing is realized by the condition of My[l, 1)+Mj^(l, 2) = Mj^(2, 2) + 
M^(2,3) in Eq. (IFTg]) . which turns to 

{yi - 1/2) ("4 - tt5)(z/i«5 - y2ai) = 0. (579) 
Therefore, we have three cases realizing the tri-bimaximal mixing in Eq. fl578p as 

yi = 1/2, "4 = "5, 1/1«5 = y20i4- (580) 

Let us investigate the neutrino mass spectrum in these cases. In general the neutrino 
mass matrix with the tri-bimaximal mixing is expressed as the one in Eq. fl493p . Actually, 
the neutrino mass matrix of Eq.f l578p is decomposed under the condition in Eq. (l580p as 
follows. In the case of 04 = as, the neutrino mass matrix is expressed as 



yl-vlaliyi - 1/2) 

Ad 




Therefore, it is found that neutrino masses are given as 

mi + mg yhvlaliyi - 1/2) 



m2 — mi 



nil — ^3 



Ad 



Ad 



iVi - 2/2)2/2, 



0. 




iVi + 22/2 



(581) 



(582) 
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In the case of yi = 1/2, the mass matrix is decomposed as 



and we have 



ylylv^jai - as) 
Ad 



mi + ms 
m2 — rui 
3 

mi — ms 







1 








1 


i) 






1 





(0:4 + 205) 








0^ 




(i; 







1 




1 


0; 





0, 

Ad 



"5, 



Ad 



(04 + 2a5 



In the last case of yia^ = y2tt4, we have 



Then, we obtain 



— -?/ia4a5 1 3 





m2 = mi = . 



1 _ 



(583) 



(584) 



(585) 



(586) 



Thus, the tri-bimaximal mixing is not realized for arbitrary neutrino masses mi, m2 
and m3 in our model. In both conditions of yi = y2 and 04 = 0^5, we have |mi| = Im^l, 
which leads to quasi-degenerate neutrino masses due to the condition of Am^t^ ^ ^"^Li- 
Therefore, we do not discuss these cases because we need fine-tuning of parameters in 
order to be consistent with the experimental data of the neutrino oscillations [3l IH |5]. 

In the case of yia^ = y20ti, the neutrino mass matrix turns to be 



Ad 











all a. 



(587) 



^0 —a/^a^^a^ja^ a^a^ — a^/a^ 



This neutrino matrix is a prototype which leads to the tri-bimaximal mixing with the 
mass hierarchy ms ^ m2 > mi, then we expect that realistic mass matrix is obtained 
near the condition yia^ = t/2a4- 

Let us discuss the detail of the mass matrix (15 78 p . After rotating 6*23 = 45°, we get 



Ad 



yla\ 







yfa^a^ - 2/12/2"! 








y'ta^a^ + yma'i - 2y'^al 



(588) 
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which leads 6*13 = and 



1 2V^7/2«5 

'12 = - arctan 

2 l/ifts 



1/2 ^4 - 2/1 ^4 



(?/2a4 7^ Z/itts)- 



(589) 



Neutrino masses are given as 



,2 „,2 



mi 



^^[2/?"5 - 2/2^4 - V2{-yiy2al + ?/2«4a5) tan ^12] 



[yla^a^ - ymal + V2{-yiy2al + |/2«4a5) tan 6' 



Vd'^u r 2 I 2 o 2 2l 



12 



(590) 



which are reconciled with the normal hierarchy of neutrino masses in the case of yi«5 — 
y2a4- 

Let us estimate magnitudes of aiii = 4,5,6) by using Eq.( ]590p . Suppose a = 04 ^ 
Q!5 = aQ. If we take all Yukawa couplings to be order one. Eg. (15901) turns to be = Aarris 
because of (i ~ a^. Putting Vu — 165GeV (tan/3 = 3), m-^ ^ a/AtttI^ ~ 0.05eV, and 
A = 2.43 X lO^^GeV, we obtain a = C(10^^ - 10"^). Thus, values of ai{i = 4,5,6) are 
enough suppressed to discuss perturbative series of higher mass operators. 

We show our numerical analysis of neutrino masses and mixing angles in the normal 
mass hierarchy. Neglecting higher order corrections of mass matrices, we obtain the 
allowed region of parameters and predictions of neutrino masses and mixing angles. Here, 
we neglect the renomarization effect of the neutrino mass matrix because we suppose the 
normal hierarchy of neutrino masses and take tan /3 = 3. 




0.05 
0.04 
„^ 0.03 
S 0.02 
0.01 





sin 



0.4 0.45 0.5 0.55 0.6 0.65 



Figure 7: Prediction of the upper bound of sin^ ^13 on (a) sin^ ^12-sin^ 6^13 and (b) sin^ 623- 
sin^ ^13 planes. 



Input data of masses and mixing angles are taken in the region of 3a of the experi- 
mental data P H E] in Table [66] and A = 2.43 x lO^^GeV is taken. We Rx yn = yi = I 
as a convention, and vary y2/yi- The change of yo and yi is absorbed into the change of 
ai{i = 4, 5, 6). If we take a smaller value of yi, values of scale up. On the other hand, 
if we take a smaller value oi yo, the magnitude of ai scale down. 
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We can predict the deviation from the tri-bimaximal mixing. The remarkable predic- 
tion is given in the magnitude of sin^^ia. In Figures [7] (a) and (b), we plot the allowed 
region of mixing angles in planes of sin^ ^12-sin^ ^13 and sin^ 6'23-sin^ 6*13, respectively. It 
is found that the upper bound of sin^6'i3 is 0.01. It is also found the strong correlation 
between sin^ ^23 and sin^6'i3. Unless 623 is deviated from the maximal mixing consider- 
ably, 6'i3 remains to be tiny. Thus, the model reproduces the almost tri-bimaximal mixing 
in the parameter region around two vanishing neutrino masses. Therefore, the model is 
testable in the future neutrino experiments. 

15.4.2 Comments on the A(54) flavor model 

The A (54) symmetry can appear in heterotic string models on factorizable orbifolds in- 
cluding the T'^/Z^ orbifold [15]. In these string models only singlets and triplets appear 
as fundamental modes, but doublets do not appear as fundamental modes. The doublet 
plays an role in our model, and such doublet could appear, e.g. as composite modes of 
triplets. On the other hand, doublets could appear as fundamental modes within the 
framework of magnetized/intersecting D-brane models. 

As discussed in Eqs. fl58ip -f l586p . the tri-bimaximal mixing is not realized for arbitrary 
neutrino masses in our model. Parameters are adapted to get neutrino masses consistent 
with observed values of Am'^^^ and Am'^^y Then, the deviation from the tri-bimaximal 
mixing is predicted. 

It is also useful to give the following comment on the A (27) flavor symmetry. Our 
mass matrix gives the same result in the A (27) flavor symmetry [188] where the type II 
seesaw is used. 

We can present an alternative A (54) flavor model |198] . in which the tri-bimaximal 
mixing is reproduced for arbitrary neutrino masses mi, m2 and m^. The left-handed 
leptons (leJ^Jr), the right-handed charged leptons {e^,^^,T^) are assigned to be 3i(i) 
and 32(2), respectively. On the other hand, for right-handed neutrinos, is assigned to 
be 1+ and (iV^, A^^) are assigned to be 22. We introduce new scalars, which are supposed 
to be SU{2)l gauge singlets with vanishing f/(l)y charge. Gauge singlets Xi, x'i{X2,X3)^ 
(X4,X5), (X6,X7,X8), and {x'e^Xj^x's) are assigned to be 1_, li, 2i, 22, 3i(2), and 3i(2), 
respectively. We also introduce Z3 symmetry and the non-trivial charge is assigned. The 
particle assignments of A (54) and are summarized in Table [70l 







hu{d) 


A(54) 
Z3 


3l(l) 32(2) 1+ 22 
1 UJ u 1 


1+ 

1 





Xi X'l 


(X2,X3) 


(X4,X5) 


(X6,X7,X8) 




A(54) 


1_ 1+ 


2i 


22 


3l(2) 


3l(2) 


Z3 






1 


a;2 


1 



Table 70: Assignments of A (54) and Z3 representations, where uj is e^'^*/^. 
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In this particle assignment, the charged lepton mass matrix is diagonal while the 
right-handed Majorana mass matrix is given as 



'y^a[A 
N = \ yf«4A M 

M y^a^k, 



(591) 



and the Dirac mass matrix of neutrinos is obtained as 



D 



VlVu 



ag tty Cts 


















(592) 



where we denote = Ui/A. The tri-bimaximal mixing is realized by taking following 
alignments, 



(593) 



By using the seesaw mechanism M^, = Mj^Mj^j-^ M^,, the neutrino mass matrix can be 
derived as follows: 




2/f 
y^cu 
y^ 



( Ah 




X I y^cu 




Ml 











-M2 




-M2 



y"a4A 



^^-'z hf ^^^^ 

{yNa4A)2uj^Aq JP^^IXflJ^ / (594) 



2 2 



It can be rewritten as 



1 0\ /II 1' 

M„ = 3c ( 1 + (a - 6 - c) 

.0 1/ Vl 1 1, 



1 0^ 

1 1 1 I + 36 I 1 

.0 1 0, 



(595) 



where 



,D\2 



(vFj 2 2 , 



{y^a^Kfu - Ml 



2 2 



{y^fooM2 



2 2 



(596) 



Therefore, our neutrino mass matrix Mi, gives the tri-bimaximal mixing matrix t/tribi with 
mass eigenvalues as follows: 



mi = 3(5 -|- c), m2 = 3a, 1713 = 3(c — b) 



(597) 
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15.5 Comment on alternative flavor mixing 



In all the above models, the tri-bimaximal mixing of the lepton flavor is reproduced. 
However, there are other flavor mixing models, which are based on the golden ratio or the 
tri-maximal for the lepton flavor mixing. 

The golden ratio is supposed to appear in the solar mixing angle 612- One example is 
proposed as tan 6*12 = 1/0 where = (1 + a/5)/2 ~ 1.62 [231] . The rotational icosahedral 
group, which is isomorphic to A^, the alternating group of five elements, provides a natural 
context of the golden ratio tan ^12 = 1/0 [155] . The model was constructed in a minimal 
model at tree level in which the solar angle is related to the golden ratio, the atmospheric 
angle is maximal, and the reactor angle vanishes to leading order. The approach provides 
a rich setting in order to investigate the flavor puzzle of the Standard Model. Another 
context of the golden ratio cos6'i2 = 0/2 |232] is also proposed. The dihedral group Diq 
derives this ratio |233j . 

One can also consider the trimaximal lepton mixing |192] , defined by | Ua2 P = 1/3 for 
a = e, fi, and so the mixing matrix U is given by using an arbitrary angle 6 and a phase 
as follows: 



This corresponds to a two-parameter lepton flavor mixing matrix. We present a model 
for the lepton sector in which tri-maximal mixing is enforced by softly broken discrete 
symmetries; one version of the model is based on the group A (27). A salient feature of 
the model is that no vacuum alignment is required. 

The bimaximal neutrino mixing |234j is also studied in the context of the quark-lepton 
complementarity of mixing angles |235] in the 6*4 model [831 18^ - 

15.6 Comments on other applications 

Supersymmetric extension is one of interesting candidates for the physics beyond the stan- 
dard model. Even if the theory is supersymmetric at high energy, supersymmetry must 
break above the weak scale. The supersymmetry breaking induces soft supersymmetry 
breaking terms such as gaugino masses, sfermion masses and scalar trilinear couplings, i.e. 
the so-called A-terms. Flavor symmetries control not only quark/lepton mass matrixes 
but also squark/slepton masses and their A-terms. Suppose that flavor symmetries are 
exact. When three families have quantum numbers different from each other under flavor 
symmetries, squark/slepton mass-squared matrices are diagonal. Furthermore, when two 
(three) of three families correspond to doublets (triplets) of flavor symmetries, their diag- 
onal squark/slepton masses are degenerate. That would become an interesting prediction 
of a certain class of flavor models, which could be tested if the supersymmetry break- 
ing scale is reachable by collider experiments. Flavor symmetries have similar effects on 
A-terms. These results are very important to suppress flavor changing neutral currents, 
which are constrained strongly by experiments. However, the flavor symmetry must break 




cos^^ 


sin 6e^' 




1 
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to lead to realistic quark/lepton mass matrices. Such breaking effects deform the above 
predictions. How much results are changed depends on breaking patterns. If masses of 
superpartners are of (9(100) GeV, some models may be ruled out e.g. by experiments on 
flavor changing neutral currents. See e.g. Refs.[93l SH [161 1172[ I117[ 1198] . 

What is the origin of non-Abelian flavor symmetries ? Some of them are symmetries 
of geometrical solids. Thus, its origin may be geometrical aspects of extra dimensions. 
For example, it is found that the two-dimensional orbifold T'^ jZ^ with proper values of 
moduli has discrete symmetries such as ^4 and 5*4 [12], [T3] . 

Superstring theory is a promising candidate for unified theory including gravity, and 
predicts extra six dimensions. Superstring theory on a certain type of six- dimensional 
compact space realizes a discrete flavor symmetry. Such a string theory leads to stringy 
selection rules for allowed couplings among matter fields in four-dimensional effective 
field theory. Such stringy selection rules and geometrical symmetries as well as broken 
(continuous) gauge symmetries result in discrete flavor symmetries in superstring theory. 
For example, discrete flavor symmetries in heterotic orbifold models are studied in Refs. 
[m [151 [16], aiid -D4 and A(54) are realized. Magnetized/intersecting D-brane models also 
realize the same flavor symmetries and other types such as A (27) [T71 [TSl [TH]. Different 
types of non-Abelian flavor symmetries may be derived in other string models. Thus, 
such a study is quite important. 

Alternatively, discrete flavor symmetries may be originated from continuous (gauge) 
symmetries [201 [211 [22]. 

At any rate, the experimental data of quark/lepton masses and mixing angles have no 
symmetry. Thus, non-Abelian flavor symmetries must be broken. The breaking direction 
is important, because the forms of mass matrices are determined by along which direction 
the flavor symmetries break. We need a proper breaking direction to derive realistic values 
of quark/lepton masses and mixing angles. 

One way to fix the breaking direction is to analyze the potential minima of scalar 
fields with non-trivial representations of flavor symmetries. The number of the potential 
minima may be finite and in one of them the realistic breaking would happen. That is 
rather the conventional approach. 

Another scenario to fix the breaking direction could be realized in theories with extra 
dimensions. One can impose the boundary conditions of matter fermions [SH] and/or 
flavon scalars [242[ I243[ 1244] in bulk such that zero models for some components of 
irreducible multiplets are projected out, that is, the symmetry breaking. If a proper 
component of a flavon multiplet remains, that can realize a realistic breaking direction. 
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16 Discussions and Summary 



We have reviewed pedagogically non-Abelian discrete groups, which play an important 
role in the particle physics. We have shown group-theoretical aspects for many concrete 
groups explicitly, such as representations and their tensor products. We have shown them 
explicitly for non-Abelian discrete groups, Sn, ^tv, T', Dn, Qn, T.{2N^), A(3A^^), T7, 
S(3A^^), and A(6A^^). We have explained pedagogically how to derive conjugacy classes, 
characters, representations and tensor products for these groups (with a finite number). 

The origin of non-Abelian flavor symmetries is considered in the geometrical aspects of 
extra dimensions such as the two-dimensional orbifold T'^ /Z2 with proper values of moduli. 
Superstring theory on a certain type of six-dimensional compact space also realizes a 
discrete flavor symmetry. On the other hand, discrete subgroups of SU (3) would be also 
interesting from the viewpoint of phenomenological applications for the flavor physics. 
Most of them have been shown for subgroups including doublets or triplets as the largest 
dimensional irreducible representations. 

Here we comment on discrete subgroups of 5'[/(3) with larger dimensional irreducible 
representations, i.e. E(168) and E(n0) with n = 36,72,216,360, where is a group ho- 
momorphism. The E(168) [23 | |25 | [T53| I237[ [28] has one hundred and sixty eight elements, 
and has six irreducible representations; one singlet, two triplets(or one complex triplet), 
one sextet, one septet, and one octet. The S(360) [23l|25l[28] has one hundred and eight 
elements, and has fourteen irreducible representations; four singlets, eight triplets, and 
two quartets. The S(720) ESj has two hundreds and sixteen elements, and has six- 
teen irreducible representations; four singlets, one doublet, eight triplets, two sextets(or 
one complex sextet), and one octet. The S(2160), which is known as Hessian group 
[23| [25| [28] , has one thousand and eighty elements, and has sixteen irreducible represen- 
tations; three singlets, three doublets, seven triplets, six sextets, three octets, and two 
nonets. Readers can find details in ref. [25] . 

From the viewpoint of model building for the flavor physics, breaking patterns of 
discrete groups and decompositions of multiplets are important. We have summarized 
these breaking patterns of the non-Abelian discrete groups in section 13. 

Symmetries at the tree-level can be broken in general by quantum effects, i.e. anoma- 
lies. Anomalies of continuous symmetries, in particular gauge symmetries, have been 
studied well. Here we have reviewed about anomalies of non-Abelian discrete symmetries 
by using the path integral approach. Also we have shown the anomaly-free conditions ex- 
plicitly for several concrete groups. Similarly, readers could compute anomalies for other 
non-Abelian discrete symmetries. Those anomalies of non-Abelian discrete flavor symme- 
tries would be controlled by string dynamics, when such flavor symmetries are originated 
from superstring theory. Then, studies on such anomalies would be important to provide 
us with a hint for the question: why there appear three families of quarks and leptons, 
because those anomalies are relevant to the generation number and the flavor structure. 

We hope that this review contributes on the progress for particle physics with non- 
Abelian discrete groups. 



149 



Acknowledgement 

The authors would like to thank H.Abe, T. Araki, K.S.Choi, Y. Daikoku, J. Kubo, 
H.P.Nilles, F.Ploger, S.Raby, S. Ramos- Sanchez, M. Ratz and P. K. S. Vaudrevange, for 
useful discussions. H.I, T. K., H. O. and M. T. are supported in part by the Grant-in- 
Aid for Scientific Research of the Ministry of Education, Science, and Culture of Japan, 
No.21-5817, No. 20540266, No. 21-897 and No. 21340055. T. K. is also supported in 
part by the Grant- in- Aid for the Global COE Program " The Next Generation of Physics, 
Spun from Universality and Emergence" from the Ministry of Education, Culture, Sports, 
Science and Technology of Japan. H. O. is supported by the ICTP grant Project ID 
30, the Egyptian Academy for Scientific Research and Technology, and the Science and 
Technology Development Fund (STDF) Project ID 437. 



150 



A Useful theorems 



In this appendix, we give simple proofs of useful theorems. (See also e.g. Refs. p ^ l26 | l28].) 
• Lagrange's theorem 

The order Nh of a subgroup of a finite group G is a divisor of the order Nq of G. 
Proof) 

If H = G, the claim is trivial, Nh = Hq. Thus, we consider H ^ G. Let oi be 
an element of G, but be not contained in H. Here, we denote all of elements in H by 
{e = /lo, hi, - ■ ■ , hNu-i}- Then, we consider the products of ai and elements of H, 

aiH = {ai,aihi, ■ ■ ■ ,aihN^-i}. (599) 

All of aihi are different from each other. None of aihi are contained in H. If aihi = hj, 
we could find ai = hjh~^, that is, ai would be an element in H. Thus, the set aiH 
includes the Nh elements. Next, let 02 be an element of G, but be contained in neither 
H nor aiH. If a2hi = aihj, the element 02 would be written as 02 = aihjh^^, that is, an 
element of aiH. Thus, when a2 ^ H and a2 ^ aiH, the set 02-^ yields A'^^ new elements. 
We repeat this process. Then, we can decompose 

G = H + aiH + ■■■ + a^^iH. (600) 

That implies Nq = mNn- I 



• Theorem 

For a finite group, every representation is equivalent to a unitary representation. 
Proof) 

Every group element a is represented by a matrix D{a), which acts on the vector space. 
We denote the basis of the representation vector space by {ei, ■ ■ ■ , e^}. We consider two 
vectors, v and w, 

d d 

V = ^^Viei, w = ^^Wiei. (601) 

1=1 i=l 

We define the scalar product between v and w as 

d 

{v,w) = ^v*Wi. (602) 

i=l 

Here, we define another scalar product by 

(«, w) = ^ Y.^D{a)v, D{a)w). (603) 
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Then, we find 

{Dib)v,Dib)w) = ^y^{D{h)D{a)v,D{h)D{a)w) 

= {v,w). (604) 



That imphes that D[b) is unitary with respect to the scalar product {v,w). The or- 
thogonal bases {ej} and {e'^} for the two scalar products {v, w) and {v, w) can be re- 
lated by the linear transformation T as e'. = Te^, i.e. {v,w) = {Tv,Tw). We define 
D'{g) = T-^D{g)T. Then, it is found that 

{T-^D{a)Tv,T~^D{a)Tw) = {D{a)Tv, D{a)Tw) 

= {Tv,Tw) 

= {v,w). (605) 
That is, the matrix D\g) is unitary and is equivalent to D[g). I 
• Schur's lemma 

(I) Let Di{g) and D2{g) be irreducible representations of G, which are inequivalent to 
each other. If 

AD,{g) = D,{g)A, WgeG, (606) 

the matrix A should vanish, A = 0. 

(II) If 

D{g)A = AD{g), \/g e G, (607) 

the matrix A should be proportional to the identity matrix /, i.e. A = XI. 

Proof) (I) We denote the representation vector spaces for Di{g) and D2{g) by V and 
W, respectively. Let the map A be a map A : V ^ W such that it satisfies ( I606p . We 
consider the kernel of A, 

Ker{A) = {v e V\Av = 0}. (608) 
Let V G Ker{A). Then, we have 

ADi{g)v = D2{g)Av = 0. (609) 
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It is found that Di{g)Ker{A) C Ker{A), that is, Ker{A) is invariant under Di{g). 
Because Di{g) is irreducible, that imphes that 

Ker{A) = {0}, or Ker{A) = V. (610) 

The later, Ker{A) = V, can not be realized unless A = 0. Next, we consider the image 

Im{A) = {Av\v e V}. (611) 

We find 

D2{g)Av = ADi{g)v e Im{A). (612) 

That is, Im{A) is invariant under D2{g). Because D2{g) is irreducible, that implies that 

Im{A) = {0}, or Im{A) = W. (613) 

The former, Im{A) = {0}, can not be realized unless A = 0. As a result, it is found that 
A should satisfy 

A = 0, or AD,{g)A-' = D^ig). (614) 

The later means that the representations, Di{g) and D2{g), are equivalent to each other. 
Therefore, A should vanish, A = 0, if Di{g) and D2{g) are not equivalent. I 

Proof) (II) Now, we consider the case with D{g) = Di{g) = D2{g) and V = W. Here, 
y4 is a linear operators on V. The finite dimensional matrix A has at least one eigenvalue, 
because the characteristic equation det{A — XI) = has at lease one root, where A is an 
eigenvalue. Then, Eq. fl6U7p leads to 

D{g){A-\I) = {A-\I)D{g), Wg e G. (615) 

Using the above proof of Schur's lemma (I) and Ker{A—XI) ^ {0}, we find Ker{A—XI) = 
V, that is. A- XI = 0. I 

• Theorem 

Let Da{g) and D 13(g) be irreducible representations of a group G on the da and djs 
dimensional vector spaces. Then, they satisfy the following orthogonality relation, 

Da{a)iiDi3{a~'^)mj = ^Sal^SijSim. (616) 

Proof) 
We define 

A = J2Da{a)BDaia-'), (617) 
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where 5 is a {da x da) arbitrary matrix. We find D{b)A = AD{b), since 

Daib)A = Y,Da{h)Da{a)BDa{a-^) 

= J2^-{ba)BDa{{bar')Daib) 

aeG 

= J2Da{c)BDa{c-')Da{b). (618) 

cGG 

That is, by use of Schur's lemma (II) it is found that the matrix A should be proportional 
to the {da X da) identity matrix. We choose Bij = SuSjm- Then, we obtain 

Aij = '^Daia)ieDaia^^)mj, (619) 

and right hand side (RHS) should be written by A(£, m)5jj, that is, 

J2 Da{a)uDa{a-%^j = A(£, m)6ij. (620) 

a£G 

Furthermore, we compute the trace of both sides. The trace of RHS is computed as 

m)tr5ij = da\{i, m), (621) 
while the trace of left hand side (LHS) is obtained as 

d 

^'^Da{a)iiDa{a~^)mi = y^^Da{aa'^)em 

i=l aeG aeG 

= Ncdtm- (622) 
By comparing these results, we obtain A(£, m) = ^Sim- Then, we find 

y^^Da{a)iiDa{a~'^)mj = ^SijSim- (623) 

aeG " 

Similarly, we define 

A(»^'> = J2Da{a)BD^{a-'), (624) 

aeG 

where Da{a) and Dj^^a) are inequivalent to each other. Then, we find Da{a)A = ylD^(a). 
Similarly to the previous analysis, using Schur's lemma (I), we can obtain 

Y,Daia),eDp{a-')^,= 0. (625) 

a£G 
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Thus, we can obtain Eq. f l616p . Furthermore, if the representation is unitary, Eq. fl616p 
is written as 

'^Da{a)iiD*p{a)jm = ^Sal^SijSim- I (626) 



Because of this orthogonahty, we can expand an arbitrary function of a, F{a), in terms 
of the matrix elements of irreducible representations 

F{a) = J2^1,kDaia),,. (627) 

• Theorem 

The characters for Da(g) and Dp[g) representations, Xa{.g) and Xpid): satisfy the 
following orthogonality relation, 

J2xD^(9rXD,{9) = NgS^^. (628) 

Proof) 

From Eq. ( I626p we obtain 

J2 D^{g)uD;{g),j = -^S^^S^j. (629) 

9&G 

Thus, by summing over all i and j, we obtain Eq. fl628p . I 

The class function is defined as a function of a, F{a), which satisfies 

F{g-'ag) = F{a), Wg e G. (630) 

• Theorem 

The number of irreducible representations is equal to the number of conjugacy classes. 

Proof) The class function can also be expanded in terms of the matrix elements of the 
irreducible representations as (16271) . Then, it is found that 



Ng 



^ E E S> {Do.ig'')D^ia)D^ig)) . (631) 



Ng 

g&G a,j,k 
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By using the orthogonality relation fl626p . we obtain 



..da 



-c^jXaia). (632) 



That is, any class function, F{a), which is constant on conjugacy classes, can be expanded 
by the characters XaiO')- That implies that the number of irreducible representations is 
equal to the number of conjugacy classes. I 

• Theorem 

The characters satisfy the following orthogonality relation, 

Y.XDAC^rXD^{C,) = ^Sc^c,, (633) 

where Cj and Cj denote the conjugacy classes and rij is the number of elements in the 
conjugacy class Cj. 

Proof) 

We define the following matrix Via, 



where is the number of elements in the conjugacy class Cj. Note that i and a label the 
conjugacy class Cj and the irreducible representation, respectively. The matrix Via is a 
square matrix because the number of irreducible representations is equal to the number 
of conjugacy classes. By use of Via, the orthogonality relation f l628p can be rewritten as 
V'^V = 1, that is, V is unitary. Thus, we also obtain VV'' = 1. That means Eq. ( I633p . 
I 
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B Representations of S4 in several bases 



For the S4 group, several bases of representations have been used in the hterature. Most of 
group-theoretical aspects such as conjugacy classes and characters are independent of the 
basis of representations. Tensor products are also independent of the basis. For example, 
we always have 

2®2 = li©l2© 2, (635) 

in any basis. However, it depends on the basis of representation how this equation is 
written by components. For example, the singlets li and I2 in RHS are represented by 
components of 2 in LHS, but their forms depend on the basis of representations as we 
will see below. For applications, it is useful to show explicitly the transformation of bases 
and tensor products for several bases. That is shown below. 

First, we show the basis in section [221 All of the 6*4 elements are written by products 
of the generators 61 and ^4, which satisfy 

(6^)3 = (di)^ = e, diibifdi = 61, dib^di = bi{difbi . (636) 

These generators are represented on 2, 3 and 3' as follows, 

^1 = ( ) ' ^^"(10'' °^ ^' ^^^^^ 



on 3, (638) 



on 3'. (639) 

Next, we consider another basis, which is used e.g. in Ref. [77]. Following Ref. |77] . 

we denote the generators bi and ^4 by 6 = bi and a = d^. In this basis, the generators, a 
and 6, are represented as 
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on 2, (640) 



on 3i, (641) 



on 32, (642) 
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where we define as 3i = 3 and 82 = 3' hereafter. These generators, a and &, are rep- 
resented in the real basis. On the other hand, the above generators, hi and ^4, are 
represented in the complex basis. These bases for 2 are transformed by the unitary 
transformation, U^gll, where 

1 f 1 I 



That is, the elements a and b are written by bi and ^4 as 

, = U%U=-l(_y^ f ). a = m4[/=(-; •;). (644) 

in the real basis. For the triplets, the {bi, ^4) basis is the same as the (6, a) basis. 
Therefore, the multiplication rules are obtained as follows: 

«0 . ^ ft) , = ^"^^^ + "^^^^^^ ® ^-"^^^ + "^^^^^^ ® (it - ifb^ , , ^'^'^ 

02^1 \ / aibi 

-|(y3ai&2 + 02^2) © |(v^a2&2 - ai&2) | (646) 
^{y/Saibs - 02^3) / 3^ \-Kv^«2&3 + fli^s) 

aibi \ I aa^i 

|(y3a2&2 - 01^2) © -i(\/3ai62 + a252)| (647) 
-|(v/3a2&3 + 0163)/ 3^ \ \{y/?,aib^ - 02^3) 

/ 45(0262 — O363) 
= [aibi + 0262 + 0363)11 © 1 / V ^ , , , , N 

y;7g(-2ai6i + 0262 + 0363)^ 

3i 

a2bz + a'ib2\ /a362 - ^263 

«i63 + 0361 © 0163 - 0361 I (648) 




,0162 + 0261 / o \a2b1 - aib2j 



32 







(b. 


02 


1 H 


b2 


03^ 


32 





( ^(^262 — 0363) 
(ai6i + 0262 + 0363)11 © 1 / ol /, , . /, , 



^(-2ai6i + 0262 + 0363 

32 

'0263 + 0362 

0-163 + 0361 I © I 0163 - 0361 I (649) 



^0162 + 026 





, , , ,s /^7^(2ai6i - 0262 - 0363) 
(ai6i + a262 + a363)i,©( V6 _ ^^^^^ 



32 

0263 + 0362^ 



/a362 


- 0263 


0163 


- 0361 


\a261 


- 0162 



0163 + 0361 I (650) 
,0162 + 0261 
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Next, we consider a different basis, which is used, e.g. in Ref. [75], with the generator 
s and t corresponding to and bi, respectively. These generators are represented 

















K 


CO' J 





on 2, (651) 

-1 2uj 2cj2 

2a; 2cj2 -1 I ^ t = I I , on 3i, (652) 

2a;2 -1 2lu 

-2uj -2a;2 

-2a;2 1 I , t = I a;2 I , on Sg. (653) 
1 -2a; 

The doublet of this basis [73] is the same as the {d4,bi) basis. In the representations 3i 
and 82, the {s,t) basis and (^4,61) basis are transformed by the following unitary matrix 

U,.,: 



(654) 



which is the so-called magic matrix. That is, the elements s and t are written by and 
hi as 

/ -1 2u; 2u;2 

s = UlddJu = 77 2u; 2u;2 | ^ ^ ^ ^^t^^j;^ = I a;2 g | . (655) 

\ 2a;2 _i 2u;2 

For 82, we also find s and t in the same way. 
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Therefore, the multiphcation rules are obtained as follows: 



, -c^ . , , — (aife2 + a2&i)ii © {aih - 02&i)i2 © u ) (656) 

«2/o \"2/o \OlOi ' 



(657) 






ai62 + 02^3 

ai^s + a2&i I (658) 



'2, 



32 



0262 + aibs + 0361 
03^3 + ai&2 + a2&i 
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1 H 


b2 
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Kb, 



= {aibi + 02^3 + 03^2)11 

3i 

2ai6i - 0263 - 03^2 

20363 - 0162 - a2&i I © I ai&2 - ^2^1 I (659) 
^20262 - cti&s - 03^1 

= (ai6i + 0263 + a3&2)ii 

32 




a2&2 + 0163 + 0361 
a-sbs + 0162 + a2&i 
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)• 


ai&2 


- 02^1 
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^"1 


02 


1 H 




as) 


3i 





= (ai6i + 0263 + a3&2)i2 

32 




aib, — a^b 



32 



(660) 



02^2 + «1^3 + «3^1 
-0363 - 0162 - 02^1 



02^3 - ^3^2^ 
aib2 - (22^1 I (661) 



Here, we consider another basis, which is used, e.g. in Ref. [S3], with the generator t 
and 5 satisfying 

= S^ = (§if = (t5)3 = e. (662) 
These generators are represented as 
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For the representation 2, the following unitary transformation matrix f/doubiet^ 

t^doubiet = -7^ ( ] \h (666) 



V2 V 1 . 

is used and the elements t and st are written by di and bi as 

^= ^<loublet^4t^doublet = Q -1 ) ' ^ f^Ioublet^l ^doublet = 2 ( ^3 "1^ ) ' ^^^^^^ 

On the other hand, for the representation 3i and 82, the following unitary transformation 
matrix f/tripict: 

/ 1 \ 

f/tripiet = 75 75 ' (668) 
VO 71 -73/ 
is used. For 3i, the elements t and st are written by and 61 as 

/ -1 

^ = f^iiplctC^4f/triplct =1 -2 



I 

( 



"St — f^tliplct^l ^triplet — 

For 82, we also find the same transformations. 
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(669) 
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Therefore, the multiphcation rules are as follows: 

(flifei + a2&2)ii © (ai&2 - a2&i)i2 S 

aibi \ ( —a2bi 




a2&2 - 0-1^1 

0162 + 02^1 



ai^ 
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^02^2 - aibs I 3^ \^aib2 + |a2&3/ 3^ 

-02^1 \ / aibi 

^aih + 10262 © ^a2&3 - iai&2 

v#ai62 + 40263/ ^ \ ^02^2 - 



'3 
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(aA + a2&3 + a3&2)i.©^ f (0262 + a3fe3) J 



3i 

0363 - a2&2 \ / 03^2 - ^2^3 

a-ibs + a^bi © 0261 - 0162 

-0162 -a2&i/, \ai&3-a3&i, 



32 



. , , , , ,^ ^ /fli&i - iM3 + a3&2)\ 
(a,6, + a263 + a3&2)i.©^ ^^^^^^^^^^^^ J 






/ a3&2 


- a2b3\ 


)• 


1 a2&i 


- 0162 


' 3i 


\a1b3 


- asbij 



32 



= (ai6i + 0263 + 03^2) I2 

32 

© (^(02^2 + 03^3) - aibi + |(a2&3 + 03^2 

^0362 - a2&3\ / 03^3 - 02^2 
a2&i - 0162 © aibs + a3&i 
,0163 - 0361 / 3^ \-a162 - a2&i/ 3^ 
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C Representations of A4 in different basis 

Here, we show another basis for representations of the group. First, we show the basis 
in section 14.11 All of the A4 elements are written by products of the generators, s and t, 
which satisfy 

s'^ = t^ = {stf = e . (676) 
On the representation 3, these generators are represented as 



a2 = -1 , t = bi = \ 1 \ . (677) 





Next, we consider another basis, which is used, e.g. in Ref. [97j. In this basis, we denote 
the generators a and b, which correspond to s and t, respectively, and these generators 
are represented as 

a = ^| 2 -1 2 |, 6=|Oa;2o|, (678) 

on the representation 3. These bases are transformed by the following unitary transfor- 
mation matrix 11^^ as 



-1 


2 


2 ^ 











2 


-1 











') 


2 


2 






I 









I 


1 


1 


1 






1 







U^ = -j=yi UJ uj^ I , (679) 
and the elements a and h are written as 

a = UlsU^ = ^ f 2 -1 2 I , h = UltU^ = \ Q Q \ . (680) 
^\22-l/ \00 

Therefore, the multiplication rule of the triplet is obtained as follows, 

= (ai6i + 0263 + 03^2)1 © (13^3 + 0-1^2 + a2&i)i/ 



1 






















UJ 















as) 







3 



(02^2 + CLih + 03^1)1" 

^ / 2aibi - a2&3 - a3b2\ ^ / 0263 - 03^2^ 

- 20363 - 0162 - 0261 © - 0162 - 0261 I (681) 

\2a262 - 0163 - 0361 / 3 \a163 - 0361 ^ 
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